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Abstract

Let P be a point of a compact Riemann surface X. We study self-adjoint extensions
of the Dolbeault Laplacians in hermitian line bundles L over X initially defined on
sections with compact supports in X\{P}. We define the ¢-regularized determinants
for these operators and derive comparison formulas for them. We introduce the notion
of the Robin mass of L. This quantity enters the comparison formulas for determinants
and is related to the regularized ¢ (1) for the Dolbeault Laplacian. For spinor bundles of
even characteristic, we find an explicit expression for the Robin mass. In addition, we
propose an explicit formula for the Robin mass in the scalar case. Using this formula,
we describe the evolution of the regularized ¢ (1) for scalar Laplacian under the Ricci
flow. As a byproduct, we find an alternative proof for the Morpurgo result that the
round metric minimizes the regularized ¢ (1) for surfaces of genus zero.
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1 Introduction

Let X be a compact Riemann surface of genus g endowed with smooth conformal

metric p~2|dz|? and let L be a holomorphic line bundle over X with smooth hermitian
metric 4. The Dolbeault Laplacian A acts on smooth sections of L by

Au = —4p*h '3 (hou). (1
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Its closure in Lo (X; L) is a self-adjoint operator, also denoted by A.

Let x, y, z denote holomorphic local coordinates on X and let x — u(x) denote
the representative of a section u in a local coordinate x. Let x, y — G(x, y) be the
Green function (section of L ®L_y) of A and x, y — 1(x, y) be a smooth section of
LX®L;1 obeying 1(x, x) = 1.

Chose a point P of X. Introduce the operator A as the L (X; L)-closure of operator
(1) defined on smooth sections of L with compact supports in X = X\{P}. In Sect. 2,
we prove that the operators Ay (o € (—m /2, w/2]) acting via

Agu = A(u — ¢y (Mh(Y)G(, y)sina)  (y = y(P)) (2)
on the domains

DomA, = {u = cu(y)(h(y)G(-, y)sina + 1(:, y)cosa) +uly=y(P),cy
e I'(X; L), ii € DomA]} 3)

are all the self-adjoint extensions of A while Ag = A is the Friedrichs extension.

This statement extends the result of Colin de Verdiere [7] who dealt with case
of trivial bundle L with & = 1. Following [7], we call the operators A, (¢ # 0)
pseudo-laplacians. The (scalar) pseudo-laplacians arise as rigorous counterparts of
the formal operators A + €§p (where §p is the Dirac measure at P and € € R, see
[3] and Chapter 1114 [2]) in the models of point scattering of quantum particles first
introduced by Enrico Fermi [9]. The equation Ay,u = Au (in the scalar case) describes
motion of a quantum particle on the surface in the presence of a point scatterer (Séba
billiard, see [16]).

Our main goal is to study the ¢ -regularized determinants of A, . In Sect. 3, we derive
comparison formulas for the determinants of A, and A. From now on, we assume that
L admits no non-trivial holomorphic sections, hO(L) = 0; then KerA = {0}. Except
for the case @ = 0, the derivative of zeta-function s — ¢(s|A,) has logarithmic
singularity at s = 0. For this reason, we apply the following regularization (proposed
and discussed in a similar context by Kirsten, Loya, and Park, see [12])

det” Ay = exp(— 3,67 (51A))ls=0. ¢ (51A0) = £(s]A0) +slogs  (4)
for the determinants of pseudo-laplacians A,. We prove that

det™ A,

A = —4meY ctga. 5)

where y is the Euler constant.

It might seem that the dependence of det"”) A, /detA on the surface (X, p~2), the
bundle (L, &) and the point P in formula (5) is trivial. However, such a dependence
is included implicitly in our parameterization (2), (3) of pseudo-laplacians (i.e. in the
way to assign a number « to a self-adjoint extension of A). Parameterization (2), (3)
is coordinate independent in the sense that the pseudo-laplacian is described in terms
of the invariantly (and globally) defined Green section G.
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One can parametrize the pseudo-laplacians in a purely local way by describing the
asymptotics of sections from their domains near P. However, such a parametrization
is obtained at the cost of the loss of coordinate independence (except of the case of
the trivial bundle). Namely, let x be a holomorphic coordinate in the neighborhood of
P and let y = x(P). Introduce the operator A®) acting as

APy = —4p*h"9(hou) in X (©6)

on all the sections u of L that are locally H2-smooth outside P and admit the
asymptotics

dylogh(y)

= ylogE =) |+ (D)

1
u(x) = cosf + sinﬂ[ — 5-loglx — vl +

near P, where i is H2-smooth in a neighborhood of P and ii(y) = 0. Then A®) with
B € (—m /2, w/2) are all the self-adjoint extensions of A.

To describe the relation between different parametrizations Ay, A®) of the pseudo-
laplacian, let us recall that the Green function G admits the asymptotics

1
h(y)G(x,y) = —EIOgd(x, y)+m(y)+o(l) =
(8
1 1
= —2—10g lx =yl + =—logp(y) + m(y) + o(1) (x = y)
T 21

where d(x, y) is the distance between x and y in the metrics p~%|dz|%. In the case of
trivial bundle L with & = 1, the coefficient m(y) in (8) is called the Robin mass at y
(see, e.g., [14, 15, 17]). Similarly, we call m(y) in (8) the Robin mass at y associated
with the Riemannian manifold (X, p~2) and the hermitian line bundle (L, /). (Note
that y — m(y) is a scalar function on X, cf. p.199, [14].) Comparing (3) and (7) by
using (8), we obtain

1
AB) = Ay > ctgf = ctga + m(P) + 7 10ep (). ©)

Thus, formula (5) can be rewritten as

detM AB) y 1
— =4 (t —m(P)— —1 ) 10
IetA met\ctgf —m(P) — ——logp(y) (10)
Here the pseudo-laplacian is defined in purely local terms (such as the metrics and
their derivatives at P in coordinate x) while the dependence of det™ A /detA on
(X, p~2), (L, h), P becomes explicit due to the presence of the Robin mass m(P)
in the right-hand side. Equality (10) extends the result obtained for the case of trivial
bundle L in [1], Theorem 1. Note that, in the case of trivial bundle L, . = 0 is an
eigenvalue of A (h°(L) = 1) and the analogue of formula (5) is less interesting.
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To make formula (10) completely explicit one needs to calculate the Robin mass
m(P). In Sect.4 we compute m(P) for holomorphic line bundles L obeying

deg(L)=g—1, h%L)=0. (11)

In particular, for a generic surface X, this includes the case of spin—% bundles with
even characteristics. In the latter case, formula (10) becomes completely explicit since
detA in the left-hand side is related to the scalar Laplacian via the Bost—Nelson
bosonization formula (see [5]) while plenty of explicit formulas for determinants of
scalar Laplacians are available.

Note that each L obeying (11) is isomorphic to A® x, where A is the basic (i.e. with
characteristic (0, 0)) spinor bundle while x is a unitary holomorphic line bundle (see
Example 2.3 on pp.28,29, [8]). We prove the following formula (for the case g > 2)

m(x)zﬁx OLX1O)E(x,y) | h(y) p()p(y)

1 [‘e[xl(A(y—m)‘zh(x)_‘aylo (F(x,y> )r

12)

K(y) S0t sy —1 2 F(x,y) 5
* <4p2<y) - 7@ GBY'50) Jiog (p(x)p(y))]dy '

Here ciy =dy ANdy/2i, E(x,y) is the prime-form of X, 6(x) is the theta-function
(defined in [8], (1.9)), ¥ = (vi,...,v,)" is the basis of Abelian differentials on
X normalized with respect to a chosen canonical basis of cycles, B is the matrix
of b-periods of X, A(Z) denotes the Abel transform of the divisor Z on X, and
K@) = [4,028510g,0](y) is the Gaussian curvature of the metric ,0_2|0lz|2 at y. The
symmetric section

F(x,y) = exp[ — 273 AMx — ) B) IS AW — y)]|E(x, »niE o 13)

of |Kx|’1®|l(y|’1 has been introduced by E. and H. Verlinde (see [18], formula
(5.10)). Note that

. 1, » 1 F(x,y)
(sc) — Z (G5O (s¢) _ o
GY)(x,y) = 5 (m“ (x) + m“(y)) o log (p(x)p(y)> , (14)

where G©©) (x,y)and m©9) are the scalar Green function and the Robin mass, respec-
tively (see [18], formula (5.7)). Thus, as emphasized in [ 18], F (x, y) can be considered
as a conformally invariant part of the scalar Green function.

Note that the integrand in the right-hand side of (12) contains two nonintegrable
terms terms whose singularities (of order |x — y|~2) cancel. Thus, the whole integrand
has only integrable singularity (of order O (|x — y|~1)).

It should be noted that the Robin mass and the zeta function s — ¢(s|A) of the
Laplacian A are related as follows. Recall that s — ¢(s|A) has a simple poleats = 1.
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One can define the regularized ¢ (1|A) as

. Area(X; p)
O (1IAY — _ ArealX; o)
(01A) = lim (£s18) = TS, (15)
Then log?
O 1)A) :/m(x)dSp(x)—i-%Area(X; o), (16)

X

where dS,(x) = ,o_z(x)df A dx /2i is the volume form on X and Area(X; p) is the
area of X in the metric p~2|dz|*>. Formula (16) is derived in [17], Proposition 2 for
the case of the scalar Laplacian —4p299. In Sect. 5 we extend the proof of (16) to the
general case by making use of the results of [8].

Expressions (13), (14) turn out to be useful for the study of M (1|A) in the case
of the scalar Laplacian A = ABO) = —4,0285. In Sect. 6, we derive explicit formula
(55) for the Robin mass m© in the scalar case. Using this formula, we describe the
evolution (given by equations (59) and (16)) of ¢ " | AL for scalar Laplacian under
the Ricci flow. In the genus zero case, we prove that ¢ (1]A¢9) is non-increasing
under the Ricci flow. As a byproduct, we find an alternative proof for the Morpurgo
result that the round metrics minimizes the regularized ¢ ™ (1|A“9)) for surfaces of
genus zero.

2 Pseudo-laplacians

In this section, we describe all the self-adjoint extensions of A.

First, let us describe the domain of A. Let {Uk, zk } be a finite biholomorphic atlas
on X and let {¢} be a (smooth) partition of unity on X subordinate to the open cover
{Ux }x- We assume that U is a neighborhood of P, z1(P) = 0, and the support of ¢;
is sufficiently small. In what follows, we denote & U=z, €2 = 3zp,and r = |74
Introduce the Sobolev space H L(X: L) of sections of L with finite norms

1

2
||u||Hl<x;L>=<Z || ﬁkn%,l(c)) k(o) =k ou) (A7)
k

(here H'(C) is the usual Sobolev space and 1, = 0 outside zx (Ug)).
Let us recall well-known properties of H'(X; L). Smooth sections of L are dense
in any H I(X; L). Since operator (1) is elliptic, the H 2(X; L)-norm is equivalent to

the graph norm
1

lulla = (1AulF,x.r) + 1l x: 1)) (18)
of A. The embedding H>(X; L) C C(X; L) is continuous. In view of the last property,

sectigns ue HXX: L) vanjshing at P constitute the subspace HOZ()'(; L)in HX(X; L).
Let X = X\{P}, let C3°(X; L) be the space of all smooth sections of L vanishing at
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P, and let C?O(X ; L) be the space of all smooth sections of L with compact supports
in X.

Lemma 2.1 CX(X; L) is dense in H}(X; L).

Proof Letu € Hg (X; L). Then there is a sequence of smooth sections iy converging to
uin H?(X; L). Due to the continuity of the embedding H?(X; L) C C(X; L), the last
convergence implies uy (z(P)) — 0. Then the sections vy = uy — ug(z(P))1(-, z(P))
converge to u in H2(X; L) while vg(z(P)) = 0. Thus, CSO(X; L) is dense in
HX(X; L). '

Next, suppose that u € CSO(X; L). Let k € C*®(R), x(s) = 0 fors < 0 and
x(s) = 1 for s > 1. For large N, introduce the cut-off function kx on X which is
defined by

Ky (z1) = «(loglogr| — N)
on U and is equal to one outside Uj. Then each section u™) = kyu belongs to
C°(X; L) while [u — u™|| y2x. 1y = (1 — kn)ii1 || g2(c))- Since iy is smooth and

111(0) = 0, we have

N+1

2
2 C a2 el ge2 o
/|8,[(1—KN)”1]| d& d&” < / r4(10gr)2rdl”
z log(~$)=N

7€N+l
_ / Lds >0 (N - +00).
S
Y

where s = log r. This and similar estimates for other partial derivatives of (1 — kp )it
yield || (1 — kn)ii1 |l g2(cy) — 0as N — +oo. Therefore, u™) — win H*(X; L) and
CSO(X; L) is dense in H()z(X; L).

Since C° (X ;L) C DomA and the H 2(X ; L)-norm and the graph norm are
equivalent, Lemma 2.1 implies the following corollary.

Corollary 2.2 ) )
DomA = HZ(X; L). 19)

Now, let us describe the domain of A*,

Lemma 2.3 We have

DomA* = {u = COHAYG(,y) + e, y) +ii | y = y(P), ¢, C e T(X; L),
i€ DomA}, (20)

where y is a holomorphic coordinate in a neighborhood of P.
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Proof Suppose that A*u = f,ie. (u, AU)LQ(X L) = (u, AU)Lg(X L) = (f, U)Lz(X L)
for any v € DomA = HZ(X L) C DomA (see (19)). Any section v € H*(X;L) =

DomA can be represented as v(x) = v(y)l(x y) 4+ v(x), where y = y(P) is a
holomorphic coordinate of P while v € H (X L). We have

(u, Av)p,x;0) — v U, ALC, Y Lyx;) =
=, AV),x;0) = (f, Vo0 = (V) ocn — v 16 ) gL

i.e.
(W, AV) 1yx:0) — V)CK) = (fL V) La(x: 1)
where C(y) = (u, A1, Y)r,x:1) — (f» 1, ¥))1,(x; 1) Recall that
(G y), AV 00z + (B, ¥, W) p001) = v(0), @0

where (x,y) — B(x,y) is the Bergman kernel of A (the integral kernel of the
orthogonal projection on KerA in Ly (X; L)). Thus,

—CG, ), Av),x:n) = (f +COIBC, ), Vi, Yv e HA(X; L),
ie.u —C(y)G(y, ) € DomA* = DomA = H?(X; L) and
A*u —C(G(, )] = f+CHYBC,Y).

In particu}ar, there is c(y) such that u(x) — C(y)G(x, y) = c¢(y)1(x, y) + i, where
ii € H3(X; L) = DomA* due to (19).

Now we describe the self-adjoint extensions of A.

Lemma 2.4 The operators Aq (o € (— w/2,7/2]) deﬁned by (2),(3) are all the self-
adjoint extensions of A. The Friedrichs extension of A is Ag = A.

Proof According to (20), the map
u=CuhMGE ) + M6y +i - (Co) )

induces the isomorphism between DomA*/DomA and (I'(X; L)/Cé><> (X; L))2 ~ C2.
The equation

S(u1/DomA, uz/DomA) :=(A*uy, u2)r,x:1) — (1, A*u2)r,(x:1)
=[cu,hCy, — CuhTi; 1(P). (22)

defines the complex symplectic (i.e. sesquilinear, skew-Hermitian, and non-
degenerate) form on the quotient space DomA* /DomA.
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Recall that . C DomA* is the domain of some self-adjoint extension of A if
and only if .2 /DomA is a Lagrangian subspace of DomA* /DomA. In view of (22),
{G(-, y)/DomA, 1(-, y)/DomAY} is the Darboux basis in DomA* /DomA.

Let £L = C(CG(-, y) + cl(, y))/DomA. In view of (22), L is isotropic (i.e., S
vanishes on £ x £) only if ¢cC = |C |2¢/C € R. If the last condition is satisfied, then
L is Lagrangian since each isotropic subspace can be extended to a Lagrangian one
and the dimension of a Lagrangian subspace is half that of the whole symplectic space.
Thus, all the Lagrangian subspaces in DomA*/DomA are given by

Lo = {u/DomA | [c,/C,](P) = ctga}

with & € (—m/2, 7/2]. Therefore, all the self-adjoint extensions of A are given by
(2),(3). From (3) it easily follows that Ag = A.
Introduce the sesquilinear form

a(u, v) := (Au, V)1, 0x;0) = Ou, V) ) (.1 o) =/X5uhpzaws (u,v € DomA).

This form admits the closure, also denoted by a. It is well-known (see, e.g., [4],
Theorem 10.3.1) that the Friedrichs extension is the unique extension of A whose
domain is contained in Dom a.

Note that the convergence in H L(X; L) implies the convergence in a-norm ||u||, =
(a(u, u))1/?. Using the same arguments as in Lemma 2.1, one can prove that C° (5(; L)
is dense in H'(X; L). Thus, H!(X; L) belongs to Dom a. In particular, Dom A =
H?*(X; L) C Doma and, thus, A is Friedrichs.

In the rest of the section, we compare parametrizations (2), (3) and (6), (7) of pseudo-
laplacians.

Lemma 2.5 Formula (9) is valid.

Proof Let x be a holomorphic coordinate in a neighborhood of P and y = x(P). Let
x be a cut-off function equal to 1 near P and let the support of x be sufficiently small.
Introduce the section Gy, of L vanishing outside suppy by the equation Gy, (x) =
X (x)G g5, where

dylogh
+ o gh(y)

yp (x — y)log(x — y)

1
Gas(x) = —5—loglx — y|
Vi1
in the local coordinate x. In view of (1), we have
AGpe(x) = —4p239G pe(x) — 40 (X)x1ogh (X)xGroe () = [A, x1G a5 (X)+

Oxlogh(x) — dylogh(y) — dxlogh(x)dylogh(y)(x — ¥)
T(x—y)

+ x()p%(x) =0Q),

X =y, x £y
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Therefore, A[Gjoc — G(-, ¥)] € Lo(X; L) in the sense of distributions. Due to the
equivalence of norms (18) and (17), we have Gioc — G(-, y) € H?*(X; L). Now,
formulas (8) and (19) imply

Gloe = G(.y) = 1¢, )[m(P) + p(y)/27]1+ Gloe.  Gioc € Dom A.
Then any section u given by (7) can be represented as
u=G(,y)sinB + 1(-, y)[cosB — (m(P) + p(y)/27)sinf] + u, i € Dom A.

In particular, u € DomA, where « is related to 8 via (9).

3 Comparison Formulas for Determinants

Comparison formula for the resolvents of A and A,. As mentioned in the intro-
duction, we assume that Ker A = {0}. Suppose that A € C is not an eigenvalue of A
and o € (—m/2,0) U (0, /2). Let (A — Mu = f. We search for the solution u, to
(Ay — Mug = f of the form

ug = u +dMh(y)Rr(, y), (23)

where d € I'(X; L), y = y(P) is a holomorphic coordinate of P, and (x, y) >
R;.(x, y) is the resolvent kernel of A. Since (A — L) R, (-, y) = 0 outside P, we have
(A*—A)ua = f.Inview of Hilbert’sidentity R, (-, y)—G (-, y) = AMA=)TIGC, y),
we obtain ~

R R, y) =h(G(, y) + TG, ) + R, y), (24)

where R (-, y) € Dom A and the number 7'(1) is called the scattering coefficient.
Note that 7(0) = 0. As a corollary of (24), we have

ug =d(h(GC, y) + [wy) +dWMT M, y) + e,

where 1, € Dom A. Comparing the last formula with (3), we conclude that u, €
Dom A, if and only if

u(y) (R ) nxn
ctga — T(L) ctgae — T ()

d(y) = (25)

Since R; is the resolvent kernel of A, we have u(y) = (f, Ra(y, Nix:1) =
(f, Ri(-, ¥)) L, (x;L)- Therefore, formulas (23) and (25) imply

(R nh () RCL y)
N ctgoe — T(A)

[(Ag =) = (A=) f =ug —u (26)

(here the denominator in the right-hand side equals zero if and only if A is an eigenvalue
of Ay).
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Note that, in the right-hand side of (26), the one-dimensional operator acts on f.

Then
h(Y)(Ry (-, ¥), Ri(-, Y))Ly(x,L)

_ -1 _ _ —17 _
Tr[(Ag — 1) = (A -] = ctga — T (1)

27)

Since (Ay —i)~! — (A — i)~! is a one-dimensional operator, the essential spectra
of Ay and A coincide (see Theorem 9.1.4, [4]). Since the spectrum of A is discrete,
the spectrum of any A, is also discrete. Also, since A is the Friedrichs extension of
A, we have Ay < Afora € (0, ) (see Corollary 10.3.2, [4]) and, since the spectra
of the operators A, and A are discrete, their exact lower bounds obey ma > ma,,.
In view of Theorems 10.3.7 and 10.3.8, [4], there is exactly one eigenvalue A1 (Ay)
which does not belong to [ma, +00). In particular, each A, is semi-bounded.

Differentiating the equation (A — A)R,(-,y) = 0 in X, one obtains (A —
Mo, R, (-, y) = Ry (-, y) while (24) implies

h()0R,.(C. y) = RhT )1, y) + W(, y),
where W (-, y) € Dom A. Hence
(T ) =h()WR.(y, y) = h()(RL(C, y), RyC, Y Lax;1)-
Now (27) takes the form
Tr[(Ag — M) 7' = (A =271 = —d;log(ctge — T()). (28)

Comparison formulafor {(s|A) and {(s|Ag). Suppose that Ker A, = {0}. We define
A~% := exp(—slogh), where the cut for the logarithm is a simple path @,,; going from
A = —oo to A = 0 which does not contain eigenvalues of A and A,. We assume that
@,y coincides with the semi-axis (—o00, ag] outside the semi-plane HA > ag (where
ap < min{ma, ma,}) and with the semi-axis A < 0in a small neighborhood of A = 0.
For s >0and A = A or A = A,, we have

1
AT = / A-w 'ndp (@ =3(C\ew UU)). (29

where @ is the boundary of the domain obtained from C by deleting w,,; and a small
e-neighborhood U, of u = 0. Since the difference (Ay —A)~! — (A — 1) lisa
one-dimensional operator for any A, the integrals of it converge in both operator and
trace norms. Then (29) and (28) imply

wldu
2ri

C(s|A) — ¢ (s|Ag) = / dylog(ctga — T (w))
w

=sJo(s) + 7} sin(rrs)[efm's J_oco(s) — log(ctga — T'(—€))e "]
(30)
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where

—G+Dyg
2 2
Jo(s) = / log(ctger — T (1)) —————
Iul=e 2mi
is an entire function of s and

Josols) = f dlog(ctge — T (o))~
wcu[\Ue

To study the analyticity properties of J_o,, we derive the asymptotics of T (1) as
X — —oo. To this end, let us recall the following asymptotics of the resolvent kernel
(see formulas (2.32) on p.38 and (2.25) on p.34, [8])

a—1(y)

1
ROV, y) 5, ) = 2 [0 log(1A1+ 1)+ =2

|+ Rty (= ).

(€29
Here y = x(P) and the remainder Rk (x, ¥) is continuous at x = y and obeys the
(admitting differentiation) estimate Ry (y, y|A) = O(A7?). The coefficients in (31)

are given by
ap=2(log2 —y), a-1 =14 R+ K/3,

where K = 4p28§logp and R = —2,028510gh are the scalar curvatures of the metrics
p2|dz|* and h. Comparing formulas (31), (8) and (24), we obtain

_ _ 1 _ a—1(y) _ -2
T(A) =hWIR). —Gl,y) = [ao 10g(|k|+l)+(|k|+l)] m(P)+ O(™7).
Therefore,
uhTm) -1

8;Llog(ctgoc — T(A)) +g),

T() —ctger  [A](q + log|a])
where q = 4w [m(P) + ctga] — ag and §(1) = O(J]A|™2) (A — —00). Thus,

widp

—e T _o(s) = e ””/ — 4T ().
> wan\Ue 1tl(q +loglul) ~ 7

The remainder

Jooo(s) = —e ™" / nq(udp
@eur \Ue
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is analytic for fs > —1. In the last two formulas, one can replace the integration
contour in the right-hand sides by (—oo, —¢) (then u=*du = —|u| €™ *d|u|). Thus,

oo —(s+1) g4

_e s —Jj = - =
e 0o (8) 0o (8) /e logf + q

400 —rq
- esq/ € — _eEi(—s(loge + ),
s(loge+q) P

where p = s(logt 4+ q) and Ei denotes the exponential integral (cf. [12]). Now (30)
takes the form

C(s|A) — L (s|Ag) = sJo(s)+
+n*‘sin(ns)[equi(—s(loge +a)) — Joo(s) — log(ctear — T(—e))e*S].

In view of the series representation
Ei(z) =logz+y +2+0(%) (z— 0, argz € [-m, 7)),
we have

[£(s|Ag) + slogs] — £(s|A) =

€ ctga — T(0)

=—s [log(—(log6 +9)+y +/ g(uydu + logctga — T(—e)] + 02(s),

—00

where s +— 02(s) is analytic near s = 0 and s = 0 is a zero of 0, of order 2.
Thus, s — ¢(s|Ay) has logarithmic singularity at s = 0 and one needs to apply
regularization (4). Then the regularized zeta function s — £ (s|Ag) is analytic near
s =0, and

—03s[¢ " (s]Aa) — ¢(s|A)]],_, = log(—(loge + @) + y+
. /‘5 ctga — T'(0) (32)

G(n)dp +1
ooq(u) m+ %8 oo — T(—e)

for sufficiently small € > 0. Note that the left-hand side of (32) is independent of ¢
while the right-hand side is real-analytic in € € (0, 4+00). Then the right-hand side

is independent of € € (0, +00). Sending € to infinity and taking into account that
T(0) = 0, we arrive at

—3s[¢ " (s]Aa) — ¢(s|A)]],_, = log(—4mctga) + . (33)

Comparison formula (5) follows from (33) and definition (4) of the regularized
determinant det"™ A,,. Formula (10) follows from (5) and Lemma 2.5.
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4 Explicit Formulas for Robin Mass
4.1 Derivation of Formula (12)

Choose a canonical basis {a;, bj}f’j:1 of cycles; let v = (vy, ..., vg)t be the basis of
Abelian differentials on X normalized with respect to {a;, b j}f i_1» and let B be the
matrix of b-periods of X (see, e.g., [10], p. 231). Denote by A(D) the Abel transform
of the divisor D with the basepoint Q; then A(y —x) = f x’ v. Let K denote the vector
of Riemann constants, associated with the same basepoint Q.

From now on, we assume that L obeys (11). Then L >~ A ® x, where A is the
‘basic’ spinor bundle obeying A(A) = —K while x is a unitary holomorphic line
bundle (see Example 2.3 on pp.28,29, [8]).

The Szegd kernel S is defined as a section of LOK L~! given by

S(x,y) = —4mwh(y)d,G(x,y) (34)

(see p.25, [8]). The reversal of (34) is
1 - .
Gx,y) = —2/ S, b (2)S(y, 2)dz (35)
47 X

(see (2.6), [8]), where dz = dz Adz/2i.In view of conditions (11), the Szegd kernel is
independent of the choice of metrics and coincides with integral kernel of the operator
a3 Moreover, it is biholomorphic outside the diagonal x = y and obeys the
asymptotics

1
Sx,y)=——+01) (x—yl—0) (36)
y—x

(see p. 25-29, [8]). In addition, the following explicit formula for the Szegd kernel

holds
_ O[x1(A(y — x))
O[x1O)E(x, y)’

where E(x, y) is the prime-form of X and [ x ](-) is the theta-function (defined in [8],
(1.9)).

Formulas (35) and (37) provide an explicit expression for the Green function G.
To obtain explicit formula (12) for m(y), one needs a regularization of the (diverging
at x = y) integral in the right-hand side of (35). To this end, let us introduce the
symmetric real-valued function

1 F(x,
(x,3) > ®(x.y) = = —log [%] (38)

Sx,y) (37

on X x X, where F is given by (13). Due to the asymptotics (see [8], (1.3))

E@ Y 14 ogx =y,
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formulas (38) and (13) imply

1 1
Q(x,y) = —Elogd(x, W+ O0(x—yl), 4mdy®(x,y) = Ty +01)  (x—yl— 0.

(39
Then
m(y) = )}gpy (h()G(x,y) — ®(x, ). (40)

Let x # y and let X, (x, y) be the domain obtained by removing e-neighborhoods
(in the metric p~2|dz|?) of x and y. In view of the Stokes theorem and (39), we have

4[8:0, D (x, 2) D(z, y) + 8, P (x, 2) 8, D (2, y)ldz =

Xe(x,y)

(x
- / [x( y)+0(1)+0(|10g|z—y||)] - = ®(x, y) +o(1).
9Xe(x.y)

(41)

Since the prime-form E is biholomorphic, we have d;0;log|E (x, 2> =0((x # 2).
Then formulas (38) and (13) imply

1 1 - = - =
40:0,0 (x. 2) = 020, —logp(2) — 3(A = A GB) ™ (A — A)]

K(z)

— = X —1=
= 022 +v(z) SB)™ 'v(2) (42)

for z # x, where
U, 5A=0, 3,A=-1(2)

and K = 4p?3dlogp is the Gaussian curvature of the metric p~2|dz|?. Now passing
to the limit € — 0in (41) yields

K(2)

— e e
m +v(z) (IB) v(z)]cb(z, V)dz.

<I>(x,y)=/4az<1><x,z> 3z¢—(z,y)3z+/[
X X
43)

Substituting (35) and (43) into (40), one obtains

1 9
m(y) = gl_r)n) [F/ [S(x 2)S(y, z)% - 16n23zcl>(x, 2) 9, P (z, y)]dz} —

- [ K@) +%(3B)_15(Z)}m&.
X

4792 (2)
(44)
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In view of asymptotics (36) and (39), the section

h(y)

— 16729, ®(y, 2)|?
) 7710, D (y, 2)]

v, 2) = IS, )l

of I®K K is integrable in z € X. Therefore, one can interchange passing to the limit
and the integration in (44). As a result, one arrives at

! h(y) )
m(y) = H/ [IS(y,z)lz—h(Z) - 16n2|BZCI>(y,Z)|2]dZ_
X
(45)
— & = o~ —1= _—
/ [471102(2) (@) (3B) ”(Zﬂ S y)dz.

To derive (12), it remains to substitute (37), (38) and (13) into (45).

4.2 Relation Between the Robin Masses for Conformally Equivalent Metrics

Let p'2|dz|? and &’ and p~2|dz|*> and h be two pairs of metrics on the Riemann
surface X and the holmorphic line bundle L, respectively. Denote by G’ and m’ the
Green function and the Robin mass for the Laplacian A’ associated with the surface
(X, p'~2) and the hermitian bundle (L, /).

Suppose that L satisfies (11). Then Szego kernel (34) is independent of the choice
of conformal metrics and formulas (34) and (35) remain valid after replacing G, h by
G’,h’. Then

1 - -1 h - .
G'x,y) =75 | S& " Sy, 2dz = —/ —(2)3:G(x, 2)S(y, 2)dz.
4 X T Jx n
Since S(y, z) is biholomorphic outside y = z, we have
o] h — 1 h —1,
G = |83 | 6. 980 2dz — — ) 0| 17 (G (. ) |dz.

In view of the Stokes theorem and asymptotics (36) and (8), the last integral in the
right-hand side is equal to wh(y)h'~'(y)G (x, y). Thus,

h/
W ()G (x,y) —h(y)G(x,y) =

) / [azﬁ,](z)c(x, D80, dz. (46)
T X h
In view of (8), we have

1
(G (x, y) = —5—log [Ix = y1p" " ] +m () + (1),

1
h(G(x, y) = —5—log [Ix = ylp~ D] + m(y) + o(1)
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as x — y. Then passing to the limit as x — y in (46) yields the comparison formula

1 X
m'(y) —m(y) =5-log [Z((yy))] LA

=ilog [ Py
2n o' (y)

h —_— .
| o3 )@60. 25023z =
X

h n
]-ano f [ ]G 0. %6, i
X

47
(cf. p.203, [14]).

4.3 Examples

The Robin mass for the spinor bundle on the round sphere. Letx and x’ = 1/x be
the system of holomorphic coordinates on the Riemann sphere C and L = C = VK
be the (unique up to isomorphism) spinor bundle on C. Then its Szegd kernel is given
by S(x,y) = (y — x)~'\/dxdy. Note that the prime-form on C is just E(x, y) =
(x — y)/+/dxdy.

The round metric p~2|dx|? on C is given by p(x) = 1 + |x|%; then its Gaussian
curvature is constant K = 4. The metric in the spinor bundle C is given by i = p. The
Green function G of the spinor Laplacian A on the sphere C is invariant with respect
to rotations. Therefore, the Robin mass m is constant on C.

In contrast to (12), formula (45) is still valid for the case g = 0 and it takes the
form

47’m = / 1S(0, )|2 ()

C

7,0)]& =

+00
B -l Tl —yP? 1 I +log[t/(1+0)] ,
=[ o0 = ee G | =] = [ =0

Comparison of the last formula with the explicit expression
1 s 1
h(O)G(x,0) = G(x, 0) = —log[l + |x["7] = —>—log|x| + O(Ix*)

for the spinor Green function G provides a simple cross-check of (45).

The Robin masses for spinor bundles on flat tori. Let T be the torus C/(Z + t7Z)
with J7 > 0. Let z € C be a coordinate of the point z/(Z + t7Z) of T. The metric on
T is |dz|?; then the area of T is .

The sections f of any line bundle L over T can be considered as a functions on the
universal cover C of T obeying the quasi-periodicity conditions

f@+D=s51)f(2), [flz+1)=5:0)f(2), (48)
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where the automorphy factors s1, s; are invariant under the cover transformations
Z + tZ. There are 4 non-isomorphic spinor bundles Cs, 5. where 51, 5, = £1.

The metric of Cg, s, is given by & = 1. The the spinor Laplacians are given
by A = 9,07 in local coordinates. Note that the kernel of A is non-trivial only for
C = C4 + = 1. The Greens functions for Laplacians on Cs, s, are invariant with
respect to translations of torus: G(x,y) = G(x — y). Then the the Robin masses
corresponding to Cs, s, are constant on T. The Green function for C = 1 is given
by

1

Gzlr) = —Zlog

(32)°
237

01(z]7)
61(0l7)

In view of (48), the Green function for C _, C_ 4, C_ _ are given by

1 b1z —t20)|  SQz—1)
Gy~ (2l1) = G(zl20) = Gz — 7]20) = —log 191(z|21) 4 7
ZIT z—1|t 1 91(%'%)
G =G(zlZ)=G — ) = —1 Tzt~ |
+(z]T) (2‘2) ( 2 ‘2) 2 8 6151%)

G__(z1) = G(%‘I) - G(Z . ! ‘r) _ G(Z . ! ‘r) " G(HT_IIT) _

_ L |G D8 G
2r TG lne (5o |
respectively. Therefore,
1| 20Glo6Glo
my 4 = O, m— _— = _—log —HT ’
2 71610061 (5 T)
1 0,(t|27)| St 1 201(31%)
My = — _— - —, m_ 4 = —log | ——F"—"|.
T 2 R leion | 4 MR T PHTTES!

5 On Steiner’s Relation Between Regularized ¢(1|A) and the Robin
Mass

For the case of the trivial bundle L, relation (16) between regularized ¢ (1|A) (given by
(15)) and the Robin mass is proved in Proposition 2, [17]. In this section, we provide a
straightforward generalization of this result to the case of arbitrary L. For simplicity,
we assume that Ker A = {0} (if Ker A # {0}, the zero modes are excluded in the
definition of ¢ (s|A). In this case, K(x, y, t) in the formulas below should be replaced
by K(x, y, ) — B(x, y), where B is the Bergman kernel defined after (21)).

Let x,y,t — K(x, y,t) be the heat kernel associated with the equation (9; +
A)u(x,t) = 0. According to Theorem 2.5 and formulas (2.24) and (2.25) on p.34,
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[8], K(x, y, t) admits the asymptotics

exp( — r?/4t)

K, y,Hh(y) = o

[14+volx, »)]+ Wix, y. 1), (49)
where r = d(x, y) and

Yo(x. y) = [3ylogh](y)(y — x) + [(3,logh)* — 87h/2h](y — x)*+
+[K3)/3+RM]ly — xI*/40* () + O(Ix — yI) = O(r),
while the remainder W1 (x, y, ¢) is bounded uniformly in x, y € X and ¢t > 0.

The kernels x, y = G® (x, y) of the operators A~ are related to the heat kernel
via

h()GW (x, y) = F((y; K(x,y,t)tsfldt:
1
= %((Xs;y) A exp( - r2/4t)ts_2dt + Ki(s, x, y),
where
(y) / s—1 fl s—1
K K(x, y, )" 'dt + Wi(x,y, D’ de).
1(s,x,y) = F()( @, y, 1) vy )

In view of (49), G (x, y) is well defined for any x, y € X for s > 1 and for any
s € C for x # y. Note that /C; (s, x, y) is bounded in x, y € X and analytic in s
near s = 1. The integral fol exp( — r2/4t)ts_2dt is analytic with respect to r,s and
is well-defined for any s € C and %r> > 0. Denote u := r2/4t. For r > 0 and
1/2 < NMs < 1, we have

r2/4
/ _“u_‘vdu =
0

r2/4 r2/4 50
e (ra - - [ e yea [Ceay =
0 0

2/4

= (/97T —5) - ﬁ — 4! /0 (™ = Du~*du.

1
/ exp(— r2/4t)e* " 2dt = (r* /4)*~ 1
0

o\-é-

Now note that the right-hand side of (50) is well-defined and analytic in a punctured
neighborhood of s = 1 (even if s > 1) for» > 0. If Ns > 1, then the left-hand side
(and, therefore, the right-hand side) of (50) is continuous for » > 0. As a corollary,
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we have

()G (x,y) =

, 1
[2/47 71T (1 =) = |+ Kos.x. ») + K1 (5. 3. 9),

4T (s)
(51)
where
. 2
Yolx, y) 1 ) 52 (r2/4)37] re/4 u s
= —r2/4 - -1 .
Kols, x, y) TG o exp( — r°/41)t° " 7dt A (e Ju" du
Here
o the equality is valid for » > 0 and any s close to s = 1;
e for Ms > 1, the left-hand side is continuous at x = y;
e for x # y, the left-hand side is analytic in s € C;
e /Ci(s, x, y) is analytic in s near s = 1 for any x, y € X and is continuous in

x,y€X;
e [Co(s, x, y) is analytic in s € C for x # y and, due to (50), Ko(s, x, y) — 0 as
r — 0 uniformly with respect to s close to s = 1 (including s = 1).

Let £ (1]A) is given by (15). In view of (51) and the identity

_ 1-1/T(s)
lim ———— =y,
s—1 1—s5

we have

cO(1]A) = lim / lim (h(x)G(”(y X) — ;>ds (y) =
s—>1 Jx x—=>y ' dr(s — 1) g
Rs>1 (52)

_ /X (K1 (L . y) + y/47)dS,(3).

At the same time, we have

1 . 1
— L — 1 i (s) —
m(y) = thy [A(NG(x,y) + 5 logr] = thy [(%Hn]l [h()GY (x, y)]+ 5 logr] =
N>

[(r2/4)f—1r(1 —5)— l—isﬂ + %logr] YKy, 1) =

1
— lim [ lim [
x—=>yLs—1 L4nT(s)
Ns>1

_ 2log2 —vy

7 +K1(,y, D
TT

(53)
due to the asymptotics

1
I'(z) — S=r + 0(2), z— 0.
Comparing (52) with (53), one arrives at (16).
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6 Evolution of the Scalar Robin Mass Under Ricci Flow

Calculation of the scalar Robin mass.  Denote by m““) the Robin mass associated
with scalar Laplacian A®©) = —45299 on X. In what follows, we denote by

(f) = m/f(x)ds (x)

the average value of the function f on (X, p).
Integrating both sides of (14) over X and taking into account that the scalar Green
function G (x, -) is L,-orthogonal to constants, we obtain

(sc) (sc)
m=(x) + (m*Y) = — —Area(X )/d)(x Sy (y),

(54)

Oy W / / ®(x, )dS, (y)dS, (),

where ® is given by (38). Comparing the last two formulas yields

R 2
m©9 (x) = / / ®(x, )dS,(y)dS,(x) — A X 3 / O (x, Y)dS,(y).
X

(55)

Area(X 0)?

In addition, from (14) and (42) it easily follows that

2

5 25 py 15
Area(X 5) + +2p°v (IB) (56)

A = 2ABIGO (x, ) — D (x, )] =

(cf. Proposition 2.3, [15] for the case of the Bergman metric).

Evolution of the average Robin mass under Ricci flow: scalar case. Consider the
normalized Ricci flow ¢ — p,” 2|dz|2 of the metrics on X,

P
= =K — (Ky), (57)
Pt
where K; = [4p28510gp]t is the Gaussian curvature and
1
(K¢) = ™ K:dS,, A; = Area(X; pr).
t

X

It is well known that Ricci flow (57) preserves the surface area A; = A. In view
of the Gauss-Bonnet theorem, we have A(K;) = 27 x (X), where x (X) is the Euler
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characteristic of X. As is well known (see [6, 11]), the metric p; converges to the
metric of constant curvature Koo = 27 x(X)A~! as t — +o0.

Denote by m*” the Robin mass associated with the scalar Laplacian A" =
_4:0z 39 on X. Differentiating both sides of (54) with respect to ¢, we obtain

(sc) 2 pt(x) pt()’) — & i|dS ds -
//[ o pz(X) pz(y)] (2 3) | dSp (S ()

(58)
In view of (38) and the fact that the section F (given by (13)) in conformally invariant,
we have

; _ L pr(x)  pe(y)
Pl =g [pt(x) * pz(y)]'

Then

. 1 fr () AA
//q),(x, Sy, (y)dSp, (x) = o // ’ (x)dSpt(y)dSp,(x) =——2=0
X X xx

4

and formulas (58), (57), (54) and the symmetry of ®(x, y) = ®(y, x) imply

1 sc dS1 dS/
Sm) =2 [ (ki) — Koy [ @00, PO

X

- / (Koo — K: () (m () + (m®))

X
oy dS
= K < (M)) /‘Ktmgéc)_pt .

dSp, (x)
A

A
X

Due to (56), we have

8 8 =i -
(0 — 2K + 7)< m{™) = 7” / PP B 1m*dS,,
X

4
- 7” f AGO O g (59)

X

If X is the Riemann sphere S then the first integral in the right-hand side is absent and
Koo = 4m/A. Then the last formula can be rewritten as

4
2y = =2 [ A6Omp e as,,
S
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Since the scalar Laplacian is non-negative and Ker A = {const}, we have

3 (m*9) <0,

where the equality is attained only if mt(sc) is constant on S. Thus, if the area of S

is constant, then (m“) (as a functional on the space of smooth metrics with given
area on S) attains its global minimum at the metric of constant curvature. Indeed, let
A(s¢),0 be the laplacian on § corresponding to any metric o, 2|dz|2 of non-constant
curvature. Introduce the the family of laplacians ¢ — A, (t > 0) corresponding
to Ricci flow (57). Then the function ¢ — (m“9-") decreases. Since the Ricci flow
(57) converges to the metric ,oo_o2 |dz|2 of constant curvature on §, formula (55) implies
(MG — (G where A®)% is the laplacian corresponding to the metrics
,00_02|dz|2 of constant curvature. In particular, we obtain (m©):0y > (ps0).00y,

Thus, by means of (16), we recover the well-known result of Morpurgo (see [13],
formula (4)) stating that ¢ (1| A®9)) (as a functional on the space of smooth metrics
with given area on S) attains minimum at the metric of constant curvature on S.

Acknowledgements The authors thank the anonymous referee for several valuable improvements of the
text.

Funding The research of the first author was supported by NSERC. The research of the second author was
supported by Fonds de recherche du Québec—Nature et technologies (FRQNT).

Data Availibility Data sharing not applicable to this article as no datasets were generated or analysed during
the current study.

Declarations

Conflict of interest The authors declare that there are no conflict of interest and conflict of interest related
to the present work.

References

1. Aissiou, T., Hillairet, L., Kokotov, A.: Determinants of pseudo-laplacians. Math. Res. Lett. 19, 1297—
1308 (2012). (https://api.semanticscholar.org/CorpusID:56400460)

2. Albeverio, S., Gesztesy, F., Hgegh-Krohn, R., Holden, H.: Solvable Models in Quantum Mechanics.
Theoretical and Mathematical Physics, p. 452. Springer, Berlin (1988)

3. Berezin, FA., Faddeev, L.D.: Remark on the Schrédinger equation with singular potential. Dokl. Akad.
Nauk SSSR 137(5), 1011-1014 (1961). (https://www.mathnet.ru/eng/dan24847)

4. Birman, M. Sh., Solomyak, M.: Spectral Theory of Differential Operators: M. Sh. Birman 80th Anniver-
sary Collection. American Mathematical Society Translations-Series 2, Advances in the Mathematical
Sciences, Vol. 225 (2008), 299 pp

5. Bost, J.B., Nelson, P.: Spin-(1/2) bosonization on compact surfaces. Phys. Rev. Lett. 57(7), 795-798
(1986). https://doi.org/10.1103/PhysRevLett.57.795

6. Chow, B.: The Ricci flow on the 2-sphere. J. Differ. Geom. 33(2), 325-334 (1991). https://doi.org/10.
4310/jdg/ 1214446319

7. de Verdiere, Y.C.: Pseudo-laplaciens. I. Annales de I’institut Fourier 32(3), 275-286 (1982)

8. Fay, J.: Kernel Functions, Analytic Torsion, and Moduli Spaces, p. 123. Memoirs of the AMS,
Providence (1992)

@ Springer


https://api.semanticscholar.org/CorpusID:56400460
https://www.mathnet.ru/eng/dan24847
https://doi.org/10.1103/PhysRevLett.57.795
https://doi.org/10.4310/jdg/1214446319
https://doi.org/10.4310/jdg/1214446319

Determinants of Pseudo-laplacians and ¢ ®9) (1) for Spinor Page230f23 338

9. Fermi, E.: Sul moto dei neutroni nelle sostanze idrogenate. (On the Motion of Neutrons in Hydrogenous
Substances). Ric. Scient. 7(2), 13-52 (1936)
10. Griffiths, P., Harris, J.: Principles of Algebraic Geometry, p. 813. Wiley, New York (1994)
11. Hamilton, R.S.: The Ricci flow on surfaces. Contemp. Math. 71, 237-261 (1988). https://doi.org/10.
1090/conm/071/954419
12. Kirsten, K., Loya, P., Park, J.: The very unusual properties of the resolvent, heat kernel, and zeta-function

2
for the operator —;? -1/ (4r2). J. Math. Phys. 8, 47 (2006)

13. Morpurgo, C.: Zeta functions on s2. Contemp. Math. 201, 213-225 (1997). https://doi.org/10.1090/
conm/201/02611

14. Nevanlinna, R.: Uniformisierung. Grundlehren der mathematischen Wissenschaften. Springer, Berlin
(1967)

15. Okikiolu, K.: A negative mass theorem for surfaces of positive genus. Commun. Math. Phys. 290,
1025-1031 (2009). https://doi.org/10.1007/s00220-008-0722-z

16. Séba, P.: A wave chaos in singular quantum billiard. Phys. Rev. Lett. 64(16), 1855-1858 (1990). https://
doi.org/10.1103/PhysRevLett.64.1855

17. Steiner, J.: A geometrical mass and its extremal properties for metrics on S2. Duke Math. J. 129(1),
63-86 (2005). https://doi.org/10.1215/S0012-7094-04-12913-6

18. Verlinde, E., Verlinde, H.: Chiral bosonization, determinants and the string partition function. Nucl.
Phys. B 288, 357-396 (1987). https://doi.org/10.1016/0550-3213(87)90219-7

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive rights to this article under
a publishing agreement with the author(s) or other rightsholder(s); author self-archiving of the accepted
manuscript version of this article is solely governed by the terms of such publishing agreement and applicable
law.

@ Springer


https://doi.org/10.1090/conm/071/954419
https://doi.org/10.1090/conm/071/954419
https://doi.org/10.1090/conm/201/02611
https://doi.org/10.1090/conm/201/02611
https://doi.org/10.1007/s00220-008-0722-z
https://doi.org/10.1103/PhysRevLett.64.1855
https://doi.org/10.1103/PhysRevLett.64.1855
https://doi.org/10.1215/S0012-7094-04-12913-6
https://doi.org/10.1016/0550-3213(87)90219-7

	Determinants of Pseudo-laplacians and ζ(reg)(1) for Spinor Bundles Over Riemann Surfaces
	Abstract
	1 Introduction
	2 Pseudo-laplacians
	3 Comparison Formulas for Determinants
	4 Explicit Formulas for Robin Mass
	4.1 Derivation of Formula (12)
	4.2 Relation Between the Robin Masses for Conformally Equivalent Metrics
	4.3 Examples

	5 On Steiner's Relation Between Regularized ζ(1|Δ) and the Robin Mass
	6 Evolution of the Scalar Robin Mass Under Ricci Flow
	Acknowledgements
	References


