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O N  T H E  S P E C T R U M  OF T H E  C * - A L G E B R A  
OF F O U R I E R .  M U L T I P L I E R S  IN A C O N E  

A. Yu. K o k o t o v  UDC 517.98 

We describe the spectrum of the C*-algebra generated by the Fourier multipliers (singular integral opera- 
tors) on the space L2 with a polynomial weight in an acute-angled convex cone of the space ]~. Bibliog- 
raphy: 12 titles. 

Let K be an acute-angled convex cone in N '~ with vertex at the origin, and let HK be be the operator of 
multiplication by the characteristic function of K. We assume that  the set f / =  K 71 S '~-1 has a smooth 
boundary. We denote by L the C*-algebra generated by the operators H K F f ~ J 2 ( ~ ) F y ~  in the space 

L~(K, IxlG Here ~ is a function that  is homogeneous of degree 0 in R '~ with #2Is,_ ~ e C~°(sn-!);  F and 

F -1 are the direct and inverse Fourier transforms in I~ n and L2(K, Iz] ~) is the space with the norm 

f "~1/2 II ll-- lu(x)i21xl 2 dx) , 0 < IA;I < 
K 

(The boundedness of the operator F [ ~  ~5({)Fy~ in the space L2(N~, Ix[ ~) for 0 < Ifll < ~r/2 was proved 
in [1].) 

In the present paper we exhibit all the irreducibIe representations of the algebra L and describe a 
topological space homeomorphic to the spectrum of L (the set of equivalence classes of irreducible represen- 
tations) endowed with the Jacobson topology. Planemenevskii and Senichkin [2, 3] have studied the case 
K = N ~ and K = R~_ (el. also [4]). 

To begin with we note that  the algebra L is isomorphic to the algebra Sp.(IR~) of operator-valued 
functions given by 

RZ : {z e C [ I m z  f l } g A  PeA(A) /2, --1 , L2(~) ' 

Here E(A) is the operator of [4]: 

(E(A)u)(z) = (27I") - n / 2  exp(i~r(iA + n/2)/2)r(iA + n/2) f (-zy + ~o)-iA-n/2?2(y) dy, 

and Pn is the operator of multiplication by the characteristic function of the set f~ C S n-1. The op- 
erators in the algebra Sa(NZ) are pointwise, and the norm of the operator-valued function PaA( ' )  is 
sup {I[PaA(A); L2(f~) ~ L2(f~)[[; A e RZ}. The proof of this assertion for f~ = S n-1 + can be found in [4], 
and the same proof also extends to the case being analyzed here. 

We now fix A E NZ and consider the "local algebra" Sa(A) that  is generated by the operators 
PaE-I(A)(~(~)E(A) in the space L2(f~). Then in Theorem 1 we establish the irreducibility of the alge- 
bra Sa(A). 

To prove this theorem we need a characterization of the space E(A)(L2(f / ) ) - - the  analog of the Paley- 
Wiener theorem for the operator E(A). (This characterization was obtained previously for the case f~ = 
s ;  "1, cf. [4].) 

Let u E L2(S n - l )  and supp u C t2. We extend u to R n \ 0  as a homogeneous function of complex degree 
a (a ¢ - n  - k; k = 0, 1, 2 , . . . ) .  The function u is now a distribution over 1I{ n \ 0 and can be extended to a 
distribution in g ' ( l l  '~) (we still denote this extension by u). Thus u E 8'(N '~) and supp u C K. The Fourier 
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t ransform Fu is a distr ibution tha t  is homogeneous of degree - a  - n. It is known (cf. [5, §12.2] and also [6, 
Par. 7.4.3]) tha t  Fu forms the  boundary  values of a holomorphic function G, which is the Fourier-Laplace 
t ransform of u. The  function G is defined and holomorphic in the domain N n + i(int K*),  where K* is the 
cone dual to K and int K* is the  interior of K*. The following est imate  holds: 

Ia(z)l _< M(1 + Izl ) [x + zx- (rm z)] (1) 

for some a,~, _> 0. Here A(y)  = dist(y, OK*). At the same t ime [4] 

Fuls._  = E(- i (a  + n/2))(uls,_~). 

Let A = - i (a + n/2). Then  - a  - n = - i A  - n/2. Hence the function E(A)u E HZ(S"-I),  regarded 
as a homogeneous funct ion of degree - i A  - n/2 on R n \ 0 can be continued holomorphically to the domain 
N n + i(int K*)  and satisfies es t imate  (1) there. 

Conversely, every funct ion G having the properties just listed is the Fourier-Laplace transform of a 
distribution in S ' (R  n) with support  in the cone K.  Consequently if a function w E H ~ ( S  n - l )  extended 
to R n \ 0 as a homogeneous function of degree - i A  - n/2 can be holomorphically extended to the domain 
N n + i(int K*) and satisfies es t imate  (1) there, then it can be represented in the form w = E(A)u, where 
u E L2(a). (We recall tha t  the  operator  E(A) is continuous as a mapping from L2(S n - l )  into H~(S~-I), 
where ImA = fl, 0 < Ifl[ < n/2, and HZ(S n-l) is the Sobolev-Slobodetskii space on S '~-1. 

R e m a r k .  Vladimirov [5] interprets  the  concept of "boundary  value" as convergence in the sense of distri- 
butions. However if a function u is homogeneous of degree a with Re a > - n  and u E cN(a)(N n \ 0), the 
following equality holds: 

[Fu](x) = lim G(x + iy), x 7 £ O. 
y--*0,yEint K* 

The operator  E(A) is continuous as a mapping from H s ( S n - ] )  into H s+Z(S n - I ) .  Hence (by the imbedding 
theorem) if u Is ._  ~ is sufficiently smooth,  then Fu is a continuous function on R ~ \ 0. From this we deduce 
that  if an open set U and cone K '  (with vertex at 0) are compactly contained in N n \ 0 and int K* U {0} 
respectively, then the  function G is holomorphic in U + ilC and is continuous in the closure cl (U -F iK~). 

T h e o r e m  1. The algebra S~(A) is irreducible and contains the ideal K L 2 ( ~ )  of compact operators in 

P r o o f .  Let H C L2(f~) be an invariant subspace for the algebra S~(A). We need to prove that  either 
H = L2(f~) or H = {0}. 

We shall show that  ei ther H or its orthogonal complement  H ± (H i is also an invariant subspace for 
Sa(A)) contains a nonzero function of arbitrari ly high smoothness.  Let f E C ~ ( R  n \ 0 )  and supp f C int K. 

We set 

(I)o(Z) = dt f(~)(z,~>e-it<*'~> d~. 

It is easy to see tha t  (~o(pz) = (I)o(z) for all p > 0 and the function ~o(z) is holomorphic in R ~ + i int V, 
where V is a cone in ]t( n and int V U {0} D K*. Consequently 

sup  { l¢0(z) l ;  z ~ ge n + i K * }  = sup {l~0(z)[;  z ~ R '~ + i K * ,  Izl = 1} < +oo .  

Now suppose u E L2(f~). Then the function Oo(w)E,p,_-,~(A)u(¢) extended as a homogeneous function 
of degree - i A  - n/2 on N n \ 0 can be extended holomorphically to the domain N n + i(int K*) and satisfies 

there the es t imate  (1). Hence 

= 

Similarly 
Pf~E(A)-lffoE(~)u = E(A)-],~oE(A)u. 

3400 



It is obvious that 
PnE-I(A)@oE(A) = [P~E()~)-I~oE(A)] * E S~(A) 

(el, [4]). For sufficiently large N =  v(k) the compact and self-adjoint operator in L 2 ( a )  

[E-](/~)g20(w)E()Q- E-I(~)@o(w)E(A)]N[P_~E-I(~)-~o(W)E(~)- Pf~E-'(~)~o(w)E()~)] N E S~(~) 

is a continuous mapping from L2(S n - l )  into H N ( s  n- l )  C Ck(S n-1 ) for all k. (This follows from the results 
of [4, Chapt. 3].) Therefore any eigenfunction of this operator corresponding to a nonzero eigenvalue has 
the required smoothness. 

Nov: let P be the orthogonal projection in L2(~2) onto the eigenspace corresponding to a nonzero 
eigenvalue. It is clear that P E Sn(A). If P H  ¢ {0}, then H contains a sufficiently smooth function; if not, 
there is such a function in H ± (since P H  ± -/: {0}). For definiteness suppose v E H M Ck(S '~-1) with v ~ 0. 
We shall show that 

mess.-, {w E S~-1[ (E(A)v)(a:) = O} = O. (*) 

For this we need the following lemma, whose proof will be given later. 

L e m m a  1. Let U be an open connected subset of N ~ and V an open cone in R ~ with vertex at O. Let the 
function f be hotomorphic in U + iV and continuous in the closure cl (U + iV). Further suppose there exists 
a measurabIe set Z c U with mesnZ ¢ O such that f l z  = O. Then f = O in U + iV.  

We now assume that the function E(~)v vanishes on a set of nonzero measure in S n-1. We extend it 
to N ~ \ 0 as a homogeneous function of degree - i A  - n/2 and continue it holomorphical!y to the domain 
R n + i(int K*). It is clear that the set of its zeros in ]~n has nonzero measure. Now, using the remark to 
Lemma 1 we conclude that E(A)v - O, and this is impossible, since v ~ 0. Equality (*) is now established. 
It follows from it that the set {OE(A)v[ g2 E C ~ ( S n - 1 ) }  is dense in L2(S ~-1) and the set 

is dense in H//(Sn-1),  and hence also in L2(S n-l) .  (Without loss of generality we can assume that/~ > 0.) 
At the same time P a R  C H. Therefore H = L2(f~). 

I fv  E H Z M c k ( s n - 1 ) ,  v ¢ 0, then by similar reasoning we find that H ± = L2(f~), from which H = {0}. 
The irreducibility of Sn(A) is now established. 

We now note that the results of [4, Ch. 3] imply that the operator 

PaE-I(A)O(a~)E(A) - PaE-I (A)¢(a~)E( i )  E Sa(X) 

is compact. 
Hence [7, Par. 4.1.10] it follows that KL2(~)  C Sa(),). The proof is now complete. 

P r o o f  of  L e m m a  1. We assume the following fact is known: 

Let G be a domain in C with smooth boundary, let the function g be holomorphic in G and continuous 
in cl G, and assume that there exists Y c OG with mesl Y 7 ~ 0 such that g]v =0"  Then g - O in G. (The 
proof can be found in [8].) 

Let Y0 E V, let r , - 1  be the hyperplane in R n with 7r,~_x _1_ y0, and let l~ be the tine in 1~ '~ with 
4 _l_ 7r,_1 and I~ gt 7r,_1 = x. 

Let M = {x E 7rn-l[mesl(lx N Z) ~ 0}. It is clear that mesn_l (M)  • 0. (Otherwise the equality 
mesh(Z) = 0 would follow from the theorem.) 

Consider the function g(~) = f ( x  + @o), x E M.  It follows from the fact just given that it vanishes 
everywher e . Let 

x E M  / 
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Then flB+~yo = 0 and mesn(B + iyo) • mesnB ¢ 0. In the n-dimensional plane R n + iyo we choose an 

orthogonal basis el, e2, . . . ,  en. We shall say that  the point a • U + iyo has property "k" if it is a point of 
density for the set (B + iyo) fq lka, where la k is the line passing through a and parallel to lk. We shall show 
that  almost every point B + iyo has property "k". Indeed, let us remove from B + iyo all points a such that 
mesa{la ~ fq B + iyo} = 0. Obviously a set of zero measure is thereby being removed. From the remaining 
set we remove all points a that  are not points of density of the set Ik~ fq B + iyo (in the sense of measure on 
the line l~). It now follows from Lebesgue's theorem on points of density of a measurable set that  we have 
again excluded a set of measure zero. It is obvious that  each point of the remaining set (which we denote 
by Mk) has property "k". Moreover mes~Mk = mes~(B + iyo). Then 

n 

T = A M k ~ .  
k = l  

It is clear that  all of the partial derivatives O~f/Ox ~ vanish on the set T. At the same time O~f/Ox ~ = 
Oaf/Oz a inside the domain U + iV. From this we deduce that  f -- 0. The proof is now complete. 

We now return to the algebra Sf~(RZ). We conclude from Theorem 1 that  the mappings 7r(A) : 
P~A(.) -o PaA(A) generate irreducible representations of this algebra for all A • R~. 

T h e o r e m  2. / f  A,# • R~ and A ~ #, then the representations 7r(A) and 7r(#) are inequivalent. 

P r o o f .  Suppose the contrary. Suppose there exists a unitary operator U : Le(f~) ~ L2(ft) such that 

U*PaE-I(A)(~E(A)U = PaE-I(#)OE(#) 

for all (I) • C°°(Sn-1). 
Then 

U*E-I(A)~oE(A)U = E - I ( # ) ~ 0 E ( # )  (2) 

for every function (I)0 that  is homogeneous of degree zero on ]R n \ 0, can be holomorphically continued to 
the domain ]t( n + i(int K*), and is bounded there. Such functions exist (cf. the proof of Theorem 1). 

Let logz be the analytic continuation of the natural  logarithm into the cut plane C \ {z]Rez  = 
0, I mz  _< 0}, and let 0 < e < 1/2, f • C~°(~), f > 0, and f ~ 0. We set 

u0(z) = exp {[ ( - i#  -n /2) /c] log  [ /exp(c log( - (z ,w)) ) f (w)dw]  }. 
f~ 

It is not difficult to verify that  u0 is holomorphic in If(" + i(int K*) and no(x) # 0 when z • (]~n + iK*) U 
(R n \ O) and Uols,_ , • C°°(Sn-1). It is clear that  

[uo(z)l _< const [dist (Im z, OK*)] ~-'/2. 

Since by hypothesis < n/2 an estimate of type (1) holds, and consequently 

uols._, • E(#)(L2(fl))nC°°(S'~-I).  

We now set 

It follows from Eq. (2) that  

h = U • HZ(Sn-1). 

E(A) U E(#)-l[(I)0u0] : [(I)0u0]h. (3)  

Let ~0 range over the set of functions that  are homogeneous of degree zero on R n \0,  can be holomorphi- 
cally continued to the domain Rn+i ( in t  K*), and are bounded there. We shall show that the set F = {¢0u0} 
is dense in the space E(p)L2(f~) with respect to the norm H~(Sn-1) .  Indeed let v E E(# ) (C~( f / ) ) .  It is 
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clear that the function @ = v/uo is homogeneous of degree 0 on :I~ n \ 01 holomorphic in R n + i(int K*) and 
bounded there. Thus E ( # ) C ~ ( a )  C F. It is now obvious that F is dense in E(#)L2(f~), Using (3), we 
conclude that U = E(A)-~hE(#).  In exactly the same way, starting from the equality 

( U - 1 ) * p a E ' I ( f ~ ) d 2 E ( # ) U  -1  = PaE-I(~) ,~E(~),  

we find that 
U-:  = E(#)h~E(~), 

where h~ = (E(#)U-:E() , )u:) /Ul  and u: e E(5 , )L2( f l )NC~(Sn- : ) .  
Using the unitary property of the operator U and the representations obtained for U arid U - : ,  we 

deduce the equality 

= 0, e V v  e 

Let ¢ and • be functions in C°°(N ~ \0) that are homogeneous of degree 0, can be continued holomorphically 
to N" + i(int K*),  and are bounded there. Then if wo C E(#)C~(f~) and vo E E(3OC~(a ), it follows that 

Cwo e E(#)C~(~2), and ~vo e E(5,)C~(~2) 

also. 
The set of linear combinations of functions of the form ~5~ constitute a self-adjoint algebra that 

separates points on Sn -I and nowhere vanishes oh S n-1. By the Stone-Weierstrass theorem this algebra 

is dense in C(S ~-1), and hence also in L2(S ~-1). Taking into account the fact that the functions w0 and 

v0 are nonzero on a set of full measure in Sn': (by Lemma I), we find that h = /h almost everywhere 
on S n-1. The functions h and h:, regarded as homogeneous functions of degree i ( -A + #) and i ( - #  + ~) 
respectively, can be holomorphically continued to N ~ + i(int K*). We now set 

= I h(z), 
f ( z )  ( 

if z C II~ ~ + iK*, 

if z E I~ n - iK*. 

By Bogolyubov's "edge of the wedge" theorem [9, §27] the function f can be holomorphically continued to 
a neighborhood of R '~, which is possible only when 3, = #. (As the cone C in the statement of the "edge 
of the wedge" theorem in [9] one must take the cone K* O ( -K*) . )  We have now reached the required 
contradiction. The theorem is now proved. 

We denote by C0(R~) the algebra of continuous functions on R~ that tend to zero at :t:oo. Let 
K~(R~) = C0(N~) ® KL2(a) .  It follows from Theorems 1 and 2 that K~(N3) C Sa(N3). Our purpose is 
to describe the spectrum of the quotient algebra Sn(N3)/K~(N3).  

Let g : S " - :  --+ S n-1 be a diffeomorphism with g(S~- : )  = f~, and let g map the "outside collar" of 
the hemisphere S~_-l({w ', t) E S" - : ]  - s  < t < 0}) into the "outside collar" of g/formed by the intervals 
of length s of geodesics of the sphere S n-1 emanating from points of 0fl in the direction of the outward 
normal to f~. Let 

g ( { ( J , t )  sn-ll0,'/l ' I = o  0s _1 0 + , < < 0)) = 

where 7(9(°))  is an interval of the geodesic emanating from 9(°)  E cOf~. By virtue of the assumption that 
the boundary Oft is smooth such a diffeomorphism exists. 

We now introduce the unitary operator U :  L2(a) -* L2(S.~ -1) defined by 

(U(v))(r)  = IJ(r)ll/2u(g(T)). 
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Here J0-) is the Jacobian of the diffeomorphism g. The inverse operator V -1 : L2~o+'e'~-~) ~ L2(~) is 
defined by the formula 

(v - l (w) ) (o  -) = w(g-l(a)) /IJ(g- ' (a))[1/2.  

The algebra Sn(R~) is unitarily equivalent to the algebra S~_(R~) generated by the operator-valued functions 

L [cn- l '~  L [c*n--l~ R~ ~ A ~ UP~A(A)U -1:  2~.~+ ) -+  2 ~ +  ). 

It is clear that 

Let v E L2(S~_-I). Then 

UK°(a~)U -1 Co(a~) ® KL2(S~ 1) _ it.o (R~). 

(UPnA(A)U-~v)(.r) = P+lJ(r)ll/2E~,~g(,.)(),),~(w)E~,~(A){v(g-l(a))/lJ(g-l(a))[1/2}, 

where P+S is the operator of multiplication by the characteristic function of ~-1 S~ . Applying the theorem 
on change of variable in a meromorphic pseudodifferential operator [4, Par. 3.8.1], we can rewrite the 
right-hand side of this relation as 

P+IJ(7)[1/2E~(A)O(([g'(T)]-I)*w)Eo~(A){v(O)/]J(O)[ 1/u } + [K(A)v](T). 

Here K(A C K0+(RZ). By virtue of [4, Par. 3.2.1] (the commutativity of a meromorphic pseudodifferential 
operator with the operation of multiplication by a smooth function) this last expression can be represented 
a s  

~+  P+E~I~(A)O(([g'(T)]-I)*w)Ee~(A)v(O) + [g'(A)v]0-), I£'(A) • K 0 (R/~), 

where gO') = (gl(7) ,g2(T), . . . ,g ,(T)) ,  ~ • R ~, [T I = 1, [g(T)] = 1, the functions gk are extended to 
R ~ \ 0 as homogeneous functions of degree one, and g ' (r)  = ]]OgjOTklli~,k=l . We recall that the function 

is homogeneous of degree 0 in ]R n \ 0. Now, using the results of [4, §6.4, Par. 2], we can compute the 
quotient-norm of an operator in Sn (RZ). 

Let AO(A) = E ~ ( A ) O O ( w ) E ¢ ~ ( A ) .  Then the following equality holds: 

inf 
z j 

- -  - -  ; S n - 1  s n - 1  m a x  s u p  • + • , 

i j 

i j 
7 " E v  + (4) 

Here H - 0 R  ) = F(L2(R+)) C L2(R); (H-v)(p) = Fs~pX+(s)F~-18v(t), where X+(s) is the characteristic 

function of the half-line R+; F is the one-dimensional Fourier transform; • : S n-2 x ]R ~ Sn-1; x( ° ,  8) = 
( o / (  1 + s2)1/2; 4 ( 1  + s2)1/2). 

We then consider as known certain information on the C*-algebra T H - ( R )  of operators on the space 
H - ( R )  generated by the Toeplitz operators of the form f ~-~ H - ( ~ f ) ,  ~ C C~(]R), such that the limit 
l im~(t)  # oc as t --* :koc exists [10; 11, §5] or [4,§ 6.1]. The norm of the Toeplitz operator in T H - ( R )  
on the right-hand side of (4) can be estimated from below using the supremum of the absolute value of its 
symbol 

sup {I E H OiJ(([g'(r)]')-l~c(Ow't)) ; rE  R} .  
1 
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Then the following equality holds: 

i j 

= s u p  
i j 

--+ H - ( R ) ]  ; c2 E Of~, ~E S"-~} ,  

where <(~o)  = ( [ g , ( g - l ( ~ ) ) ] - l ) . .  
Thus the mapping i : Sn(1R~) --+ C(Oft x S ~-2 --+ T H - I ( R ) )  defined on the generators by the equality 

i( ~ H Penij(')) = ~ H II- g2iJ(~rt(~P)~(°w' ")) 
i j i j 

can be extended to a morphism of C*-algebras. It is clear that ker i = K~(IR/~), and hence 

Sa(Rz)/K~(IRZ) ,.~ 7(Se(N~)) C C(Oft x S '~-~ ---+ T H - ( R ) ) ,  

i.e., Se(IRe)/K~(N~) can be isometrically imbedded in C(Oft x S ~-~ -+ TH-(N) ) .  The description of 
the spectrum of T H - ( N )  is known. Using that description, we find that the following mappings can be 
extended to irreducible representations of the algebra Sa(R5)/K~(IR~): 

N /  0 
1) rr(~0,w°): [ P ~ E S ~ ( A ) f f ( w ) E ~ ( A ) ]  --+ II-+(rn~c2)*r(w,')): H-(IR) --+ H - ( R ) ;  (V, ° )  e c9~2 × S ~-2 

(in this situation [PeA(A)] denotes the coset of the operator-valued function PEA(') in the quotient algebra 

2) [P,E-I(A)¢E(A)] e S -I; 
3) 7(t, cp): [PaE-I(A)O.E(A)] --+ ((1 - t)/2)ff(r~z(¢p)S) + ((1 + t)/2)ff2(r~t(qo)N), (t,~fl) e ( - 1 ,1 )  × Oft; 

where N and S are the north and south poles of the sphere S n-1. 

L e m m a  2. This list contains all the irreducible representations of the algebra Sn(IR~)/K~(1RZ). 

Proof .  We shall begin by studying certain properties of the mapping ~ : Oft --+ GL (n). Let x E 0S+ -1 C 
R n-1 = 0N~. It is easy to see that the linear transformation g'(x) maps the hyperplane R n-1 into the 
hyperplane a passing through zero and tangent to the cone I(  at the point g(x) E Oft. It follows from 
the choice of the diffeomorphism g that g'(x) maps vectors normal to ]R n-1 into vectors normal to (~. 
We claim that (g'(x)-~) * behaves in the same way. Indeed, let D be a rotation matrix that maps the 
standard orthonormal basis in R ~ to a basis whose first n - 1 vectors are parallel to a. It is clear that 
g'(x) = diag(A,A)D, where A E G L ( n -  1), AE JR, and A # 0. Hence (g'(x)-~) * = diag((A-~)*, l /A)D.  
The required behavior of (g '(x)7I) * = Cn(g(x)) follows from the representation just obtained. We now 
introduce the transformation re(c2) : S n-1 --+ S n-l ,  ~ E 0~: 

= 

It is not difficult to verify that m(w ) maps the equator of the sphere S "-1 (0S~ -1) into the (n - 2)-sphere 
N S n-1 and the meridians of the sphere S ~-1 with equator c9S~ -1 to the meridians of the sphere S ~-1 

with equator o~ n S n-1. Moreover m(~o)(N) = N~ and ra(~o)(S) = S~, where N~ and S~ are the poles 
of the sphere S n-1 with equator ~ R S =-~. Now let F = {m(qo)N I ~ E Oft}. If the boundary Oft "does 
not flatten out" (i.e., it nowhere coincides locally with a submanifold of the sphere of the form ~ N S n- l ,  
where ~ is a hyperplane in IR '~ passing through the origin), then the mapping Oft 9 ~ ~-+ m(~o)N maps 
Oft bijectively onto F. Otherwise it contracts each planar section of 0ft to a point. (The set P plays the 
role of the '!reduced boundary" of ft). When there are planar sections on cgf~ we require in addition that 
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the matrix-valued function g,(g-l( . ) )  be constant on each planar section of Oft. We now note that if the 
points pl and P2 belong to the same planar section of Oft, the series of representations 7r(p~, .) and 7r(p2,-) 
coincide, as do the series 7(', Pl)  and 7(', p2). It follows from what has just been said that one can assume 
m(.) is prescribed on P. (It is clear that the mapping m(w) now also depends continuously on the point 
to E P.) The algebra Sa(R~)/K~(RZ) can be isometrically imbedded in C(F x S n-2) ~ TH-(R). The 
imbedding i is defined as follows: 

i j 
= T : F x S  " - 2 9 ( p , w  °) 

- EII - o n 
i j 

: H - ( N )  ~ H - ( R ) .  

We remove superfluous representations from the list by replacing Oft by P and fit(p) by rn(p) in 
the series 1) and 3) (retaining the notation 7r and 7). We shall show that the resulting list contains all 

the irreducible representations of the algebra Sa -0 (RZ)/Itn(RZ). Let P l , P 2  e F, (O1,O2) • S n-2,  and 
0 0 

(pl,Wl) 5~ (p2,w2). We shall verify that the representations 7r(p1,°l) and 7r(p2,°2) are inequivalent. 
Indeed suppose there exists a unitary intertwining operator U : H - ( N )  ~ H-(IR) such that 

U-1II-~.(m(pl)J.r(tol , . )U = II--0(O-t(p2)J.f(W2, .)) 

for all O • C°~(S "-1). The norm of the operator on the right-hand side of this equality can be estimated 
from below using 

sup{]O(m(p2)x(°,t))l; t • IR}; 

the norm of the operator in the left-hand side is at most 

0 
sup{]O(m(pl)X(wx,t))l; t • R}. 

0 
The meridians {rn(p)x(wi, t)lt e R}i=,,2 are not the same, so that one can choose a function ff • C°°(S n-1 ) 

for which these suprema satisfy the opposite inequality. This contradiction proves that 7r(pl ,° l)  and 
0 

7r(qa2,w2) are inequivalent. We note in addition that the commutator of two operators in TH- (N)  is 
compact, i.e., 

[H-ff.(m(p)x(w,.)),H-q2(m(p)x(w,.))] • C(F x S n-2 ® KH-(R) ,  

where KH-(R)  is the ideal of compact operators in H-(N) .  It follows from this that the set 

i( Sa(R#)/K~(Ra)) n C(F x S n-2) ® KH-(N)  

is nonempty and is a dense subalgebra of the C*-algebra C(F x S n-2) @ KH-(N).  Hence [7, Par. 1t.1.4], 

C ( P x S n - 2 ) ® K H - ( R ) c i ( S n  .o 

It is now easy to describe the quotient algebra 

K = i ( & ( R a ) / K ] ( R , ) ) / c ( r  × S n-2) ® K H - ( R ) .  

(It is obviously commutative.) 
Let A = S n-a U F x [-1, 1 ] / ~  be the quotient algebra with respect to the equivalence relation 

S n-1 ~) m ( p ) N  ,',, (m(p) ,N,  1) • F ® [-1,1]; S n-1 ~ r n ( p ) S  ,--, ( rn (p )N, -1 )  • 1-' x [-1,1]. 
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The set A is endowed with the quotient topology. Using the description of the structure of T H - ( R )  
(more precisely, the structure of the quotient algebra T H - ( N ) / K H - ( N ) ) ,  one can easily see that X 
C(A). We recall, that  (Y)^ denotes the spectrum of the C*-algebra Y. Taking account of the connection 
between the spectrum of the algebra Y and the spectrum of one of its closed two-sided ideals I (since 
(Y)^ = (Y / I )  ̂  O(I)  ^, el. [7, Par. 3.2.2]), we find that 

(i(Sa(R#)/K~(N#)) ^ = [(i(Sa(R#)/K~(R~))/C(F x S ~-2) ® K H - ( N ) ]  ^ U [C(F x S ~-2) ® KH-(R)]"  

= [c(A)] ^ u [ c ( r  x s "-2)  ® K H - ( ~ ) ]  ^ 

The assertion of the lemma follows from this and [7, Par. 10.4.4]. The proof is now complete. 

Theorems 1 and 2 and Lemma 2 make it possible to give a complete description of the spectrum of the 
algebra L. 

T h e o r e m  3. Let A = [Ik F [ ~ @ ( ~ ) F y ~  e L. The following mappings can be extended to irreducible 
pairwise inequivalent representations of the algebra L: 

1) r(A):  A ~ P ~ Z 2 L ~ ( a ) ~ ( ~ ) E ~ . ~ ( ~ )  : L~(a) -~ L~(a); a e R, ;  

2) ~( o ) :  A ~-+ II-O(m(~o)x(w°,.)); g - ( R )  -~ g - ( R ) ;  (qp,w °) e r x S ~-1, 

where m and F are as in the proof of Lemma 2; 

3) a(w):  A ~ (I)(co); w • sn-1;  

4) -y(t,@ : A ~ ((1 -t)/2)e(m(@S)+((1 +t)/2)e(.~(@N); (t,@ • ( - 1 , 1 )  x r .  

Every irreducible representation of the algebra L is equivalent to one of the representations in this list. 

We now turn to the description of the (Jacobson) spectral topology of the algebra L. 
Let 0 = R# U F x S n-2 U S "-1 U P x ( -1 ,  1). It follows from Theorem 3 that the set 0 parametrizes 

the spectrum of the algebra L. Using the bijection 0 ~ (L) ̂ , we transfer the Jacobson topology from (L) ̂  
to 0. We denote by U(rn, M) a neighborhood of the point m in the topological space M. The following 
theorem holds. 

T h e o r e m  4. The ]acobson topology transferred from (L) ̂  to 0 coincides with the topology in which typical 
neighborhoods of points (elements of a fundamental system of neighborhoods) are defined as follows: 

1) y(~,o)  = u(~,R~), ~ • R~; 

0 , S ~ _ I )  

~CF 

if u3 • int (S n-1 \ (ft* U (-f~*))); a* K* n S n - l ,  al~d - a *  ~- (-I<*) n S n - l ,  where the second terl'f~ ~n 
the union is a subset o f f  x S~-2; 

s) y(~,o)=R~u U s~-~uv(~,s~-')u(Y(~,r)x(1-~,l)), 
~u(~ , r )  

ira2 • 0(-f~*) = F; 0 < c < 2, the second term in the union is a subset o f f  x S '~-2, and the fourth term 
is a subset of P x ( -1 ,  1); 

4) Y(~o ,0 )=R#U U S ' - 2 U U ( w , S " - I ) u ( U ( w * , P ) x ( - 1 , - I + ~ ) ) ,  i f~•c%~* and 
~EU(~* ,I') 

{5• s~_~ I 0 5) u(~,o)-- {a • eal ReX ~ ~} u, U ate a: ~(~)~(~,t) • u(~, s~-*)} u u(~,s~-~), 

i fw • int (:Fft*). The upper and lower signs T and ~ go together. 

6) U(5, O)=I~#UU(5, F x S " - ~ ) ,  i f 6 • F x S  n-~, 

5=((g,(~D_l).N/ll(g,@)_l).Nll,o), ~ •  0S._.~ ' ( ~ , o ) = 0 .  
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If (~,o) ~ O, then Ra is replaced by {A E RalReA ,~ o~); 

7) U(7, t ) ,O)=RzU U s " - 2 u u ( ( 7 , t ) , r x ( - 1 , 1 ) )  i f(7,t)  e F × ( - 1 , 1 ) .  
~ev(~,r) 

P roof .  In comparison with the analogous results for K = R n and IR~ the only arguments that are really 
new are those connected with the appearance of the sets ~t* and - ~ *  and the replacement of the line RZ 
with the rays {A E R#[Re~ <> a} in parts 2)-5) in the description of the topology. They are the only 
points that we shall discuss in detail. Otherwise the reasoning is standard (cf. [4] and also items 54-60 in 
the bibliography of [4]). 

Sets of the form {~r G (L)^ I II~r(a)ll > 1} constitute a basis for the Jacobson topology on the spectrum 
(L) ̂ . Here a ranges over a set that is dense in L [7]. 

Let w0 E c l (S  n-~ \ (~t* U (-~t*))),  I~(w0)l > 1. To prove that a neighborhood of w0 in the Jacobson 
topology is also a neighborhood in the topology on 0 it is necessary in particular to show that 

for all A E Ra. Our reasoning is as follows: By the choice of w0 there exists ~20 E c l~  such that (~0,w0) = 0. 
- -n--1  n--1 

We choose a point ¢0 E S+ (if T0 E 0~,  then ~ E OS~_-~; if ~20 E int ~, then ¢0 E S+ ). Consider the 
diffeomorphism g : S n-~ --~ S ~-1, g(S~ -~) = ~, g'(¢0) = D, where D is a rotation that takes ¢0 to T0. 
Then for all A E R# 

inf {IIPnE-~()OOE(A)+ TII; T e KL2(~t)} 

= i n f  {IIP+ES~(A)O((g'(:)-a)*w)E~(A) + TII; T e KL2(S~-I)} 
- -n--1  s n _  1 = max [sup{lff((g'(~)-l)*w)l; (~,w) E S+ × , (~,w) = 0}, 

n--1 0 ~ n - - 2  sup { l l I I -O( (g ' (~ ) - l )  * × x(  ° ,  "))ll; ~ e OS+ , .~e (~ ,o )  = 0}. 

by Proposition 6.2.6 of [4]. This last expression can be estimated from below by 

IO(g'(¢0)-l)*[g'(¢0) ~0]1 : ]~(~0)[, 

since (g'(¢0)-1) * = D and D-lwo _l_ ¢o (since w0 _1_ De0 = ~0). Hence 

IIP~E-I(),)'~E(),)II ~ I'~(,~o)1 > 1, 

which was to be proved. 

If w0 G int (-Ft*) and [~(w0)[ > 1, it is necessary to show that 

]]PnE(~)-lo(w)E(~)II > 1, V~ :  Re~ > a, 

where a is sufficiently large. We shall use the formula for the asymptotic action of a meromorphic pseu- 
dodifferentiai operator on an exponential [4, Par. 3.6.1]. It follows from this formula that 

PnESL+(~)f(w)E+~:(~){ei'g(¢)v(¢) } = e"g(+)f(ugradg(+) + Re~.  ¢2)v(~2)+ O((I# ] + IReAI) -a) (5) 

when ~ E ~. Here g is an arbitrary smooth function on S n-1 extended to JR" \ 0 as a homogeneous function 
of degree zero. If w0 E int ( - ~ * ) ,  then (w0, ~) > 0 and it follows from the relation (5) that 

IIP~E-I(~)OE(),)II ~ I'~(,~o)1 > 1 

when ReA > a,  where a is sufficiently large, which was to be proved. 
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The case wo E int ft* is handled similarly. Let w0 E int ( - f t*) .  To prove that a neighborhood of coo in 
the topology of 0 is also a neighborhood in the Jacobson topology, we must construct an operator-valued 
function W(X) E Sa(Rz) such that II (co0)w(-)ll > 1 and 

{xl II,(x)w(-)ll > 1} c {x e ReI ReX > 

(The notation o', r is from Theorem 3). We choose a function • E C~( in t  ( - f t* ) )  such that t¢(co0)l > 1. 
Consider the operator PeA(h):  

(PaA(X)u)(c2) P~E~I:o(w)Ev,~,,(X)u(g ') 

= Pa (x) f 

+ Pa (x)  f 

c( X ) = - iX) 

(cf. [4, Par. 1.1.6, 1.4.1]). 
The second integral in the sum is obviously zero, since if q~ E g/, co E - f F ,  then (~o, co} 

(90, co}_ = 0. From this we deduce that 
> 0 and 

PnA(X) = PaE+(X)~(co)E(X), 

where [E+(X)v](9~ ) = c(X) f is the operator in Lemma 5.4.7 of [4 I. (In [4] the 
S n - I  

operator E+(X) is considered only for X E 11{.) Using reasoning similar to the proof of Lemma 5.4.8 in [4], 
one can show that IIA(X)lI ~ 0 if Im x = fl and Re X --* - e c .  We denote the e-neighborhood of fl by fl~. Let 
X E C~(ft~),  let Xla = 1, and let e be sufficiently small. Then PeA(X) = PnxA(X). The operator xA(X) 
is a meromorphic pseudodifferential operator of order zero with a symbol that vanishes in a neighborhood 
of the manifold V(n, 2) C S n-1 x S "-1 of mutually orthogonal unit vectors. By Proposition 5.3.5 of [4] we 
have xA(X) E KL2(S"-I), and consequently PeA(X) E KL2(Ft). Let f E C~(1RZ). Then 

f(.)PaA(') E C0(IRZ) ® KL~(ft) C Sa(Rz).  

Let 0 _< f(X) _< 1 and f(X) : 1 when ReX E [ - M , M ] ,  where .Gr is sufficiently large. Consider the 
operator-valued function 

W(X) = PeA(X) - f(X)PaA(X) E Sa(NZ). 

It is clear that {X I IIr(X)W(.)ll > 1} c {XlReX > a} and Iicr(wo)W(.)ll = IO(w0)t > 1, which was to be 
proved. 

Now, contracting the support of g2 to the point COo, one can arrange for the set {rr E (L~'I I]rr(W('))ll > 1} 
to be contained in U(wo, O) for any preassigned neighborhood U(aa0, 0) in part 5) of Theorem 4. The case 
co0 E int ft* is handled similarly. The proof is now complete. 

R e m a r k .  If/3 = 0, the algebra Sa(X) is still irreducible and contains the ideal KL2(.q). The proof of this 
resembles the reasoning that establishes the irreducibility of the algebra C*(A) of Wiener-Hopf operators in 
an acute-angled convex cone A C N" [12, § 1.1]. (The role of the Fourier transform in this case is played by 
the unitary operator E(X) in L2 (S "-1),  the space H2(R~ + iA °) being replaced by the space of holomorphic 
extensions of functions in E(X)(L2(ft)) and the Poisson representation of functions in g l ( R  n + iA0) being 
replaced by a boundary uniqueness theorem of the type of [6, 3.1.15]. A function from E(X)(L2(f~)) that 
is nonzero everywhere on S n-1 is constructed as in Theorem 2. The compact operator in the algebra was 
given in the proof of Theorem 4.) The proofs of the remaining results of this paper carry over. Thus 
Theorems 3 and 4 also hold in the case when the operators of the algebra L act in the space L2(K). 
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