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ON THE SPECTRUM OF THE C*-ALGEBRA
OF FOURIER MULTIPLIERS IN A CONE

A. Yu. Kokotov UDC 517.98

We describe the spectrum of the C'*-algebra generated by the Fourier multipliers (singular integral opera-
tors) on the space Ly with a polynomial weight in an acute-angled convezr cone of the space R™. Bibliog-
raphy: 12 titles.

Let K be an acute-angled convex cone in R™ with vertex at the origin, and let IIx be be the operator of
multiplication by the characteristic function of K. We assume that the set § = K N S™"! has a smooth
boundary. We denote by L the C*-algebra generated by the operators II KFE_: L P(6)Fye in the space

Ly(K,|z|?). Here @ is a function that is homogeneous of degree 0 in R with q)isn—l € C=°(§" 1), F and
F~1 are the direct and inverse Fourier transforms in R® and Ly(K, |z|#) is the space with the norm

lull = [ lu(2)Pl2* dz 1/2, 0 < |8 <n/2.
([ oo )

(The boundedness of the operator F,.' &(¢)F,—¢ in the space Ly(R™,|z|#) for 0 < |8] < 7/2 was proved
in 1].) .

In the present paper we exhibit all the irreducible representations of the algebra L and describe a
topological space homeomorphic to the spectrum of L (the set of equivalence classes of irreducible represen-
tations) endowed with the Jacobson topology. Planemenevskii and Senichkin [2, 3] have studied the case
K =R" and K = R} (cf. also [4]).

To begin with we note that the algebra L is isomorphic to the algebra So(Rs) of operator-valued
functions given by

Rs = {z € C|Imz = 8} 3 A\ > PoA(A) = PoE]} (M) ®(w)Epmu(X) : Lr(Q) — Ly().

Here E()) is the operator of [4]:

(EMu)(z) = (2m) "2 exp(im(id + n/2)/2)T(iX + n/2) / (=ay +:0)" 7" 2u(y) dy,
Sn-1 ‘

and Pq is the operator of multiplication by the characteristic function of the set & C 5$™~!. The op-
erators in the algebra So(Rg) are pointwise, and the norm of the operator-valued function PgqA(-) is
sup {||PaA(A); L2(Q) — Ly(Q)|; A € Rg}. The proof of this assertion for Q = 537! can be found in [4],
and the same proof also extends to the case being analyzed here.

We now fix A € Rg and consider the “local algebra” Sq(\) that is generated by the operators
PoE~'(M\)®(w)E()) in the space Ly(2). Then in Theorem 1 we establish the irreducibility of the alge-
bra Sq(X).

To prove this theorem we need a characterization of the space E(\)(Ly(Q))—the analog of the Paley-
Wierller theorem for the operator E()). (This characterization was obtained previously for the case =
Si7, of. [4].)

Let u € Ly(S™™") and supp u C . We extend u to R™\ 0 as a homogeneous function of complex degree
af{a#-n—k k=0,1,2,...). The function u is now a distribution over R™ \ 0 and can be extended to a
distribution in §'(R™) (we still denote this extension by u). Thus v € §'(R") and suppu C X. The Fourier
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transform Fu is a distribution that is homogeneous of degree —a —n. It is known (cf. [5, §12.2] and also [6,
Par. 7.4.3]) that Fu forms the boundary values of a holomorphic function G, which is the Fourier-Laplace
transform of u. The function G is defined and holomorphic in the domain R™ + i(int K*), where K* is the
cone dual to K and int K* is the interior of K*. The following estimate holds:

IG(2)l < M(1+ [2]*)*[1 + A7 (Im 2)] (1)
for some a,v > 0. Here A(y) = dist (y, 0K*). At the same time [4]
F’u|s,,_1 = E(—i(a+ n/2))(u|sn_1).

Let A = —i(a + n/2). Then —a —n = —i)A — n/2. Hence the function E(A)u € HA(S" 1), regarded
as a homogeneous function of degree —:A —n/2 on R™ \ 0 can be continued holomorphically to the domain
R"™ + i(int K*) and satisfies estimate (1) there.

Conversely, every function G having the properties just listed is the Fourier-Laplace transform of a
distribution in S’(R™) with support in the cone K. Consequently if a function w € HP(S"!) extended
to R™ \ 0 as a homogeneous function of degree —iA — n/2 can be holomorphically extended to the domain
R™ + i(int K*) and satisfies estimate (1) there, then it can be represented in the form w = E(\)u, where
u € Ly(R). (We recall that the operator E()) is continuous as a mapping from L,(S™~!) into HA(S™71),
where Im X = 3, 0 < |8]| < n/2, and HA(S"71) is the Sobolev-Slobodetskii space on S™~1.

Remark. Vladimirov [5] interprets the concept of “boundary value” as convergence in the sense of distri-
butions. However if a function u is homogeneous of degree a with Rea > —n and u € CV(@(R™ \ 0), the

following equality holds:

[Ful(z) = yﬁo,i,lé?m o G(z +1y), z#0.
The operator E()) is continuous as a mapping from H*(S™!) into H*+#(S"~1). Hence (by the imbedding
theorem) if ul ._, is sufficiently smooth, then F'u is a continuous function on R™ \ 0. From this we deduce
that if an open set U and cone K' (with vertex at 0) are compactly contained in R™ \ 0 and int K* U {0}
respectively, then the function G is holomorphic in U 4 1K' and is continuous in the closure ¢l (U + ¢K").

Theorem 1. The algebra Sq()) is irreducible and contains the ideal K Ly(Q2) of compact operators in
Ly (). :

Proof. Let H C L,y(f2) be an invariant subspace for the algebra Sq(A). We need to prove that either
H = Ly() or H = {0}.

We shall show that either H or its orthogonal complement H+ (H* is also an invariant subspace for
Sa(X)) contains a nonzero function of arbitrarily high smoothness. Let f € C§°(R™\0) and supp f C int K.

We set -
aue) = [ dt [ e ae
o J
It is easy to see that ®¢(pz) = ®o(2) for all p > 0 and the function ®o(z) is holomorphic in R™ + ¢int V/,
where V is a cone in R™ and int V U {0} D K*. Consequently
sup {|®0(2)]; z € R" + 1K™} = sup {|®o(2)|; z € R" + iK™, |2 =1} < +o00.

Now suppose u € Ly(Q2). Then the function ®¢(w)Ey—.(A)u(?) extended as a homogeneous function
of degree —iA —n/2 on R™\ 0 can be extended holomorphically to the domain R"™ + z(mt K*) and satisfies

there the estimate (1). Hence
PaE(N) " ®(w)E(\)u = E(A) " @o(w) E(\u.

Similarly _ )
PoEAN)1@E(N)u = E(N) "' ®E())u.
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It is obvious that A ) _
PoE~Y(X)@E(X) = [PaE()) '@ E(N)]* € Sa(A)

(cf. [4]). For sufficiently large N = N (k) the compact and self-adjoint operator in Ly({2) .
(B (N8o(@)E) — B (0)@o(w) BN [Pa B () Ba(w)E(R) = PaE~ (N Tl ECIY € Sa(d)

is a continuous mapping from Ly(S™7!) into HN(S™~1) ¢ C¥(S™~1) for all k. (This follows from the results
of [4, Chapt. 3].) Therefore any eigenfunction of this operator corresponding to a nonzero eigenvalue has
the required smoothness. ‘

Now let P be the orthogonal projection in L2({2) onto the eigenspace corresponding to a nonzero
eigenvalue. It is clear that P € Sq()). If PH # {0}, then H contains a sufficiently smooth function; if not,
there is such a function in H+ (since PH+ s {0}). For definiteness suppose v € H N C*(S"~1) with v # 0.
We shall show that

mesga-1 {w € S" 7 (E(A))(w) =0} = 0. (%)

For this we need the following lemma, whose proof will be given later.

Lemma 1. Let U be an open connected subset of R™ and V an open cone in R™ with vertex at 0. Let the
function f be holomorphic in U 41V and continuvous in the closure cl (U +:V). Further suppose there exists
a measurable set Z C U with mes,Z # 0 such that f|Z =0. Then f =0 U +:V.

We now assume that the function E(X)v vanishes on a set of nonzero measure in $™7!. We extend it
to R™ \ 0 as a homogeneous function of degree —i\ — n/2 and continue it holomorphically to the domain
R"™ 4 ¢(int K*). It is clear that the set of its zeros in R™ has nonzero measure. Now, using the remark to
Lemma 1 we conclude that E(X\)v = 0, and this is impossible, since v # 0. Equality () is now established.

It follows from it that the set {®E(A)v|® € C*(S™ 1)} is dense in L3(S™!) and the set
R = {E(V)'SE(\)o| @ € C=(5")}

is dense in HA(S™ 1), and hence also in L,(S™™!). (Without loss of generality we can assume that 5 > 0.)
At the same time PoR C H. Therefore H = L,(Q).

Ifve HENC*(S™~1), v # 0, then by similar reasoning we find that H+ = L,(Q), from which H = {0}.
The irreducibility of So(A) is now established.

We now note that the results of [4, Ch. 3] imply that the operator

PaE"Y(\)3(w)E(\) — PaE~Y(N)&(w)E(N) € Sa())

is compact.
Hence [7, Par. 4.1.10] it follows that K L,(Q) C Sq()). The proof is now complete.

Proof of Lemma 1. We assume the following fact is known:

Let G be a domain in C with smooth boundary, let the function g be holomorphic in G and continuous
in clG, and assume that there ezists Y C OG with mes; Y # 0 such that g}Y =0. Then ¢ =01 G. (The
proof can be found in [8].)

Let yo € V, let m,_; be the hyperplane in R™ with m,_; L o, and let I, be the line in R" with
L lmpyand Ny =z

Let M = {z € my_1|mes;(I; N Z) # 0}. It is clear that mes,_,(M) # 0. (Otherwise the equality
mes,(Z) = 0 would follow from the theorem.)

Consider the function g({) = f(z + (yo), = € M. It follows from the fact just given that it vanishes
everywhere. Let
B= ( U zx) nu.
: zeM
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Then f | Biiye = 0 and mes,(B + iyy) € mes, B # 0. In the n-dimensional plane R™ + iyy we choose an
orthogonal basis e, €3, ..., e,. We shall say that the point @ € U + iy, has property “k” if it is a point of
density for the set (B + iyo) N ¥, where I¥ is the line passing through a and parallel to /;. We shall show
that almost every point B + iyo has property “k”. Indeed, let us remove from B + iy, all points a such that
mes; {I¥ N B + iy} = 0. Obviously a set of zero measure is thereby being removed. From the remaining
set we remove all points a that are not points of density of the set I¥ N B + iy, (in the sense of measure on
the line I%). It now follows from Lebesgue’s theorem on points of density of a measurable set that we have
again excluded a set of measure zero. It is obvious that each point of the remaining set (which we denote
by M) has property “k”. Moreover mes, My = mes,(B + iyo). Then

T = ﬁMk#Q.
k=1

It is clear that all of the partial derivatives 0% f/0z® vanish on the set T. At the same time 0% f/9z% =
0%f 0z inside the domain U + ¢V. From this we deduce that f = 0. The proof is now complete.

We now return to the algebra Sq(Rg). We conclude from Theorem 1 that the mappings w(}) :
PqA(-) = PqA()) generate irreducible representations of this algebra for all A € Rg.

Theorem 2. If A\, € Rp and X\ # p, then the representations w(\) and 7(p) are inequivalent.
Proof. Suppose the contrary. Suppose there exists a unitary operator U : Ly(2) — La(2) such that

U*PoE~ (N EE(AU = PoE~" ()3 E(p)

for all ® € C°(S™1).
Then
U*ET (N @ENU = B~ (1) () )

for every function @, that is homogeneous of degree zero on R™ \ 0, can be holomorphically continued to
the domain R” 4 i(int K*), and is bounded there. Such functions exist (cf. the proof of Theorem 1).
Let logz be the analytic continuation of the natural logarithm into the cut plane C\ {z]Rez =

0, Im2<0},andlet 0 < e <1/2, f € Cs°(Q), f >0, and f #0. We set

uo(z) = exp {{(—w ~n/2)feltog | [ expleon(—{z,))) () o] }
Q

It is not difficult to verify that ug is holomorphic in R™ + 7(int K*) and uo(z) # 0 when z € (R® +:K*) U
(R™\ 0) and uo|s,,_1 € C=(S™1). 1t is clear that

lug(z)| < const [dist (Im z, K *)}P /2.
Since by hypothesis |8| < n/2 an estimate of type (1) holds, and consequently
o] gu_s € E(p)(L2(2) N C=(S™7).

We now set
h=[E(A\)UE™ (p)uo)/uo € H(S™7Y).

It follows from Eq. (2) that :
E(X) U E(u) ™ [®ouo] = [ouo]h. (3)

Let ®¢ range over the set of functions that are homogeneous of degree zero on R™\0, can be holomorphi-
cally continued to the domain R"+:(int K*), and are bounded there. We shall show that the set F' = {®quo}
is dense in the space E(u)Lo(R2) with respect to the norm HP(S™71). Indeed let v € E(u)(Ce(R)). It is
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clear that the function & = v/ug is homogeneous of degree 0 on R™ \ 0, holomorphic in R™ + i(int K*) and
bounded there. Thus E(x)CS(Q) C F. It is now obvious that F is dense in E(p)L2(52). Using (3), we
conclude that U = E(A\)"'hE(y). In exactly the same way, starting from the equality

(U™ Pa B (@)@E(R)U ™ = PaE™* () @E(N),

we find that B
U™ = E(p)h E(N),

where hy = (E()U YE(MN)uy)/u; and uy € E(A)Lo(Q) N C=(S™1).
Using the unitary property of the operator U and the representations obtained for U and U™!
deduce the equality

/ (F— b ot do =0, Yw € E(u)CS(Q), Yve ERCE(R).

Sn-1

Let ® and ¥ be functions in C*(R™\0) that are homogeneous of degree 0, can be continued holomorphically
to R™ + i(int K*), and are bounded there. Then if wy € E(x)C§°(£2) and vg € E(N)C$(Q), it follows that

dwy € E(p)C(Q), and Yoy € E(X)C5e(92)

also.

The set of linear combinations of functions of the form ®¥ constitute a self-adjoint algebra that
separates points on S?~! and nowhere vanishes on S"~!. By the Stone-Weierstrass theorem this algebra
is dense in C(S™™!), and hence also in Ly(S™™1). Taking into account the fact that the functions wy and
vy are nonzero on a set of full measure in S™~! (by Lemma 1), we find that 7 = hy almost everywhere
on S™7 1. The functions h and h;, regarded as homogeneous functions of degree z( A+ p,) and i(—f + \)
respectlvely, can be holomorphically continued to R™ + i(int K*). We now set

h(z), ifzeR"+iK*,
fle)=1 _
hi(Z), ifzeR"—iK*.

By Bogolyubov’s “edge of the wedge” theorem [9, §27] the function f can be holomorphically continued to
a neighborhood of R™, which is possible only when A = p. (As the cone C in the statement of the “edge
of the wedge” theorem in [9] one must take the cone K* U (—K™).) We have now reached the required
contradiction. The theorem is now proved. :

We denote by Co(Rg) the algebra of continuous functions on Ry that tend to zero at +oo. Let
K2 (Rp) = Co(Rg) @ KLy(Q). 1t follows from Theorems 1 and 2 that I’O o(Rg) C Sa(Rg). Our purpose is
to describe the spectrum of the quotient algebra Sq(Rg)/Kg(Rg).

Let g : §"7! — S§™! be a diffeomorphism with g(SJ’:_l) = (), and let ¢ map the “outside collar” of
the hemisphere ST~ '({w',t) € S"‘ll — & <t < 0}) into the “outside collar” of ! formed by the intervals
of length ¢ of geodesics of the sphere S™~! emanating from points of 9 in the direction of the outward
normal to 2. Let

g({(w', 1) € S"7M|w! /|| =de ST, —e <t < 0)) = (g(@)),

where 7(g(w)) is an interval of the geodesic emanating from g(w) € 0. By virtue of the assumptlon that
the boundary 02 is smooth such a diffeomorphism exists.
We now introduce the unitary operator U : Ly(Q2) — Ly(S}™") defined by

(U@)F) = [T 2ule(r).
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Here J(7) is the Jacobian of the diffeomorphism g. The inverse operator U~} : Ly(STY) — Ly(9) is
defined by the formula

(U Hw))(o) = w(g™(a))/|T(g™ (o ))|*2.

The algebra Sq(Rg) is unitarily equivalent to the algebra ' (Rg) generated by the operator-valued functions
Rg2 A UPg AU : Ly( ST — Ly(SE7H).

It is clear that
UKQ(Rg)U™! = Co(Rg) ® KLy(S37") = Kif (Ry).

Let v € Ly(S7™"). Then
(UP AU )(7) = Pyl J(2ESL | 1 (N @(@)Egru(M{e(g™(0))/17 (g1 (0)) 2},

where P, S is the operator of multiplication by the characteristic function of S_'*f_l. Applying the theorem
on change of variable in a meromorphic pseudodifferential operator [4, Par. 3.8.1], we can rewrite the
right-hand side of this relation as

PI(DEZL (N)@(([g'(D))7w) Bamea M {0(8)/17(O)2} + K (A)o](7).

Here K(\ € Kif (Rg). By virtue of [4, Par. 3.2.1] (the commutativity of a meromorphic pseudodifferential
operator with the operation of multiplication by a smooth function) this last expression can be represented
as

PLESL (N2((l' (D171 w) Bgmu(M0(8) + [K'(AN)(7), K'(A) € K (Rg),

where ¢(7) = (91(7),92(7),...,9a(7)), 7 € R", |7] = 1, |g(7)| = 1, the functions g; are extended to
R™ \ 0 as homogeneous functions of degree one, and ¢'(1) = ||dg;/ O7g||?x=1- We recall that the function
® is homogeneous of degree 0 in R™ \ 0. Now, using the results of [4, §6.4, Par. 2], we can compute the

quotient-norm of an operator in Sq(Rg).
Let 4;;(A) = Eusp(A)®ij(w)Epw(A). Then the following equality holds:

inf {“ ZHPQAij(’) +T(-); SQ(Rﬂ)”; T(-) € K?I(Rﬂ)}

]

Here H™(R) = F(L2(R4)) C La(R); (T7v)(p) = Fapx+(s)Fiisv(t), where x4 (s) is the characteristic
function of the half-line R4; F is the one-dimensional Fourier transform; » : $""2 x R — S*~1; x(c?z, §) =
(@ /(1 + )% 5/(1+ 52)172).

We then consider as known certain information on the C*-algebra TH ~(R) of operators on the space
H~(R) generated by the Toeplitz operators of the form f — II7(¢f), ¢ € C®°(R), such that the limit

lim(t) # oo as t — oo exists [10; 11, §5] or [4,§ 6.1]. The norm of the Toeplitz operator in TH~(R)
on the right-hand side of (4) can be estimated from below using the supremum of the absolute value of its

symbol
sup {| S TT 85 (o' 1) B )]s ¢ € B

> HH_(I)ij(([g,(T)]_l)*%(g, 3)); H-(R) - H‘(R)H; reast, de S"—2” (4)
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Then the following equality holds:

inf {” Z HPQA,']'(-) + T(-); SQ(R’B)H; T(-) € KSQ,(R[;)}
—o {ll ZHH—I%%("D)“(‘%’ ) H(R) — H‘(R)H; v € 60, we S"’"z},

where () = ([g'(¢7 ()] )" _
Thus the mapping 7 : So(Rg) — C(0Q2 x S"~? —» TH ~1(R)) defined on the generators by the equality

(T Ans0)) = LTI @)

can be extended to a morphism of C*-algebras. It is clear that keri = Kg(Rg), and hence
Sa(Rg)/KS(Rg) = i(Sa(Rg)) C C(0Q x S*~2 — TH™(R)),

ie., So(Rp)/KS(Rs) can be isometrically imbedded in C(9€ x 5n=% —» TH(R)). The description of
the spectrum of TH~(R) is known. Using that description, we find that the following mappings can be
extended to irreducible representations of the algebra Sq(Rs)/ K4 (Rp):

1) 7(0,0) : PaEzh (V@) Eyu(N)] = T 8(() (5, )) : H(R) = H(R); (,) € 00 x 5"~

(in this situation [PoA())] denotes the coset of the operator-valued function Po A(-) in the quotient algebra
Sa(Rg)/Kg(Rg));

2) o(w) : [PaETH(NRE(N)] = &(w); w € ST
3) (t,¢) : [PaET (NRE(N)] = (1~ 1)/2)@(7(2)S) + (1 +1)/2)S(Rlp)N), (t,) € (=1,1) x O

where N and S are the north and south poles of the sphere S™~1.
Lemma 2. This list contains all the irreducible representations of the algebra Sq(Rg)/K{(Rp).

Proof. We shall begin by studying certain properties of the mapping m : 0Q — GL (n). Let z € st C
R*"! = 9R7}. It is easy to see that the linear transformation ¢'(x) maps the hyperplane R~ into the
hyperplane a passing through zero and tangent to the cone K at the point g(z) € 0Q. It follows from
the choice of the diffeomorphism ¢ that ¢'(z) maps vectors normal to R into vectors normal to a.
We claim that (¢'(z)™!)* behaves in the same way. Indeed, let D be a rotation matrix that maps the
standard orthonormal basis in R" to a basis whose first n — 1 vectors are parallel to a. It is clear that
¢'(z) = diag (A,\)D, where A € GL(n — 1), A € R, and A # 0. Hence (g'(z)™)* = diag ((A™1)*,1/2)D.
The required behavior of (¢'(z)~!)* = m(g(z)) follows from the representation just obtained. We now
introduce the transformation m(p): S~ 1 — S*71 » € 0Q:

[m(@)lw) = (Mm(p)w)/[[mle)w]l.

It is not difficult to verify that m(y) maps the equator of the sphere ™! (35,:&_1) into the (n — 2)-sphere
a N S"! and the meridians of the sphere $"~! with equator 8S7 " to the meridians of the sphere 577!
with equator @ N S®~*. Moreover m(p)(N) = N, and m(¢)(S) = S,, where N, and S, are the poles
of the sphere 57! with equator & N S™™ 1. Now let ' = {m(\cp)N| p € 0Q}. If the boundary 99 “does
not flatten out” (i.e., it nowhere coincides locally with a submanifold of the sphere of the form an sn-t
where o is a hyperplane in R” passing through the origin), then the mapping 00 2 ¢ — m(p)N maps
00 bijectively onto I'. Otherwise it contracts each planar section of 92 to a point. (The set I" plays the
role of the “reduced boundary” of ). When there are planar sections on 9§ we require in addition that

3405



the matrix-valued function ¢'(g7(-)) be constant on each planar section of 8. We now note that if the
points ¢; and @, belong to the same planar section of 9, the series of representations 7(yp;y, ) and 72, -)
coincide, as do the series ¥(-, ;) and 4(-, ;). It follows from what has Jjust been said that one can assume
m(-) is prescribed on I'. (It is clear that the mapping m(w) now also depends continuously on the point
w € T.) The algebra So(Rg)/K3(Rg) can be isometrically imbedded in C(' x §»7?) —» TH~(R). The
imbedding ¢ is defined as follows:

i([ZHPgE“l(A)tI)UE(/\)D =T:Tx 525 (p,0)

LA}

= 3T m2(m(¢)#(&, ) : H-(R) — H~(R).

We remove superfluous representations from the list by replacing dQ by I' and m(p) by m(yp) in
the series 1) and 3) (retaining the notation 7 and v). We shall show that the resulting list contains all

the irreducible representations of the algebra So(Rgs)/K(Rs). Let ¢1,¢2 € T, (L?Jl,l.?)z) € S"2, and

(<,01,¢?)1) # (QOQ,L?JQ). We shall verify that the representations W(gol,c?)l) and 7T(§02,L?)2) are inequivalent.
Indeed suppose there exists a unitary intertwining operator U : H ~(R) —» H~(R) such that

U™ @(m(p1)s¢(wn, )U = I~ 8(m(pz) (w3, )

for all ® € C°(S"!). The norm of the operator on the right-hand side of this equality can be estimated
from below using

sup{|@(m(p2)#(w,1))]; ¢ € R};

the norm of the operator in the left-hand side is at most
0
sup{|®(m(p1)x(w1,t))]; t € R}.

The meridians {m(cp)%(u%,-, t)| te R}z are not the same, so that one can choose a function ¢ € C°(S"1)
for which these suprema satisfy the opposite inequality. This contradiction proves that W(gol,c?)l) and

r(goz,l.?)z) are inequivalent. We note in addition that the commutator of two operators in TH~(R) is
compact, i.e.,

[T~ @(m(p)»(w,-)), I~ ¥(m(p)s(w, N] € C(T x S*~2 @ KH~(R),
where KH™(R) is the ideal of compact operators in H~(R). It follows from this that the set

' i(Sa(Rg)/K3(Rg)) N C(T x S*~2)@ KH™(R)
is nonempty and is a dense subalgebra of the C*-algebra C(I' x $"~%) @ KH~(R). Hence |7, Par. 11.1.4],
C(T x $"7?)® KH™(R) C i(Sa(Rp)/K3(Rp)).
It is now easy to describe the quotient algebra
K =1(Sa(Rg)/K3(Rg))/C(T x S™~%) @ KH™(R).

(It is obviously commutative.)
Let A= S""1UT x [-1,1]/ ~ be the quotient algebra with respect to the equivalence relation

S"71 3 m(p)N ~ (m(p),N,1) e T® [-1,1]; "' 3 m(p)S ~ (m(p)N,-1) € T x [-1,1].
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The set A is endowed with the quotient topology. Using the description of the structure of TH ™ (R)
(more precisely, the structure of the quotient algebra TH~(R)/KH ™ (R)), one can easily see that X =
C(A). We recall that (Y')" denotes the spectrum of the C*-algebra Y. Taking account of the connection
between the spectrum of the algebra Y and the spectrum of one of its closed two-sided ideals I (since
(N =(Y/DM U (D™, cf. [7, Par. 3.2.2]), we find that
(i(Sa(Re)/ K§(Rg))" = [(i(Sa(Rg)/K§(Rp))/C(T x 5"72) @ KH~(R)]"U[C(T x §"?) @ KH™(R)]"

’ =[C(MMU[CT x ") @ KH™(R)]".
The assertion of the lemma follows from this and [7, Par. 10.4.4]. The proof is now complete.

Theorems 1 and 2 and Lemma 2 make it possible to give a complete description of the spectrum of the
algebra L.

Theorem 3. Let A = [], 5»—»:;@(5)}7‘.1/*—'6 € L. The following mappings can be extended to irreducible
pairwise inequivalent representations of the algebra L:

1) 7(A): A— Py wH‘P(A)@(w)E¢Hw(A) Ly(2) = L2(Q); X € Ry;
2) m(pw): A I @(m(e)x(@,)); H(R)— B~ (R); (p,0) €T x §"7,
where m and I are as in the proof of Lemma 2;
3) o(w): A B(w); we S
4) 1t e) : Am (1 -1)/2)3(m(0)S) + (1 +1)/2)@(m(p)N); (t,¢) € (-1,1) x T,
Every irreducible representation of the algebra L s equivalent to one of the representations in this list.

We now turn to the description of the (Jacobson) spectral topology of the algebra L.

Let § = RgUT x S"2U S" 1 UT x (—1,1). It follows from Theorem 3 that the set  parametrizes
the spectrum of the algebra L. Using the bijection § +— (L)", we transfer the Jacobson topology from (L)"
to §. We denote by U(m, M) a neighborhood of the point m in the topological space M. The following
theorem holds.

Theorem 4. The Jacobson topology transferred from (L)" to 8 coincides with the topology in which typical
neighborhoods of points (elements of a fundamental system of neighborhoods) are defined as follows:

1) U()‘»g) = U()‘aRﬁ)v AE Rﬁ;

2) Uw,8) =Rg U | { we 5"7%| 3t € R: m(p)(,1) € U(w, ")} UTU(w, 5"
p€rl
if w €int (S*71\ (2* U (=Q%))); Q* = K* NS, and —Q* = (=K*)N S™72, where the second term in
the union is a subset of I' x S*~2;
3) Uw,0)=RgU | J S 2UU(w,S" ) U(U(w,T) x (1~¢,1)),
@€U(w,I)
ifwed(—0*)=T; 0<e <2, the second term in the union is a subset of I' x S~ 2, and the fourth term
is a subset of T' x (—1,1); »
4) Uw,)=RgU | J S"2UU(w,S" HU(UW"T)x(=1,-1+¢)), ifw € Q" and
eeU(w*,I')
(m(p)N =w* <= m(p)S =w), 0<e<2;
5) U(w,8) = {A € Rg|Re X Z a} U. U{we S"2| 3t € R m(p)s(@,t) € U(w, S~ 1\}UU(w gm- 1),
p€rl
if w € int (FQ*). The upper and lower signs F and 2 go together.
6) U(6,0) =RgUU(§,T x S*2), if§€T x 5"’2,
0

5=((g' () ™) N/(g'(#) ™) N||,0), ¢ €8S, (4,0) =0.
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If (o, ) 2 0, then Ry is replaced by {A € Rg|Re A 2 a};

N UM1),0)=ReU |J S 2UU((7,1),T x(~1,1)) if (1,t) € T x (~1,1).
PEU(Y,I)

Proof. In comparison with the analogous results for K = R® and RZ the only arguments that are really
new are those connected with the appearance of the sets Q* and —Q* and the replacement of the line Ry
with the rays {A € Rg|ReA 2 a} in parts 2)-5) in the description of the topology. They are the only
points that we shall discuss in detail. Otherwise the reasoning is standard (cf. [4] and also items 54-60 in
the bibliography of [4]).

Sets of the form {r € (L)"|||n(a)|| > 1} constitute a basis for the Jacobson topology on the spectrum
(L)*. Here a ranges over a set that is dense in L [7].

Let wg € cl(S™1\ (2* U (=Q*))), |®(wo)| > 1. To prove that a neighborhood of wy in the Jacobson
topology is also a neighborhood in the topology on it is necessary in particular to show that

I (VI FeZ, 8(§) Fymell = [|[Pe E(N) T RE(V)]| > 1

for all A € Rg. Our reasoning is as follows: By the choice of wy there exists po € cl§2 such that (pg,wo) = 0.
We choose a point ¥y € 33__1 (if o € O, then ¢ € ST ™Y if g € int Q, then ¥ € S%~1). Consider the
diffeomorphism ¢ : S*71 — §7-1, g(S_?__l) = Q, ¢'(¢o) = D, where D is a rotation that takes ¥y to q.
Then for all A € Ry

inf {||PoE"'(A\)@E(\) + T||; T € KL2(Q)}
=inf {| P+ EZL,(M2((9'(#) ) w)Byu(\) + T; T € KL2(5$_1)}
= max [sp{[2((4 ()"l () ?i % S, (i) = 0},
sup { I &((¢'(¢)™")* x (@, )] ¢ € ST, W€ §"72, (,) = 0}.
by Proposition 6.2.6 of [4]. This last expression can be estimated from below by
[@(g'(0)™)"[9' ($0) "wol| = |2(wo)),
since (g'(¥0)™1)* = D and D™ wy L ¢ (since wy L Dpy = o). Hence
[PaE~H(M)REMN)]| > |®(wo)l > 1,

which was to be proved.
If wo € int (—0*) and |®(wo)| > 1, it is necessary to show that

|PaE(N)"'®(w)E(N)|| > 1, VA:Rel>a,

where a is sufficiently large. We shall use the formula for the asymptotic action of a meromorphic pseu-
dodifferential operator on an exponential [4, Par. 3.6.1]. It follows from this formula that

PaE;L(N®(w)Eymu(M{e*Pv(p)} = €99 ®(ugrad g() + Re X - 9)v() + O((lul + [Re X)) (5)

when ¢ € Q. Here ¢ is an arbitrary smooth function on $"~! extended to R™\ 0 as a homogeneous function
of degree zero. If wy € int (—Q*), then (wg, ) > 0 and it follows from the relation (5) that

[PaE~ (MREM)]| 2 |@(wo)| > 1
when Re A > a, where « is sufficiently large, which was to be proved.
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The case wy € int * is handled similarly. Let wq € int (—Q*). To prove that a neighborhood of wy in
the topology of 8 is also a neighborhood in the Jacobson topology, we must construct an operator-valued
function W(A) € Sq(Rg) such that |lo(we)W(-)|| > 1 and

O IFOW Ol > 1} € {r € Rg|Re X > o},

(The notation ¢, 7 is from Theorem 3). We choose a function ® € C§°(int (—*)) such that [®(we)| > 1.
Consider the operator Pa A()):

(PaA(\u)(p) = PaESL ,®(w) Eyw(Au(t)

= Pac) [ (e} B(0) By (Wu()]
—O*

+ Poc(A\)e* /2 / ({w,9) )220 (w) By (Nu(¥) dw;
o
e(A) = (2#)'"/2ei"("/2"i)‘/2)F(n/Z - 1A)

(cf. [4, Par. 1.1.6, 1.4.1]).
The second integral in the sum is obviously zero, since if ¢ € 2, w € —Q¥, then {(p,w) > 0 and
(p,w)— = 0. From this we deduce that

PaA(A) = PaB4(3)8(w)E(N),

where [Ex(A)(¢) = ¢(A) [ ((p,w)+)? ™/ ?v(w)dw is the operator in Lemma 5.4.7 of [4]. (In [4] the
Sn—-1

operator E4{)) is considered only for A € R.) Using reasoning similar to the proof of Lemma 5.4.8 in [4],
one can show that ||A(A)|| = 0if Im A = 8 and Re A — —oo. We denote the e-neighborhood of §2 by {}.. Let
x € C§°(£2e), let Xln =1, and let ¢ be sufficiently small. Then PqA()) = PoxA(X). The operator yA(A)
is a meromorphic pseudodifferential operator of order zero with a symbol that vanishes in a neighborhood
of the manifold V(n,2) C S"~! x $"~! of mutually orthogonal unit vectors. By Proposition 5.3.5 of [4] we
have yA(\) € KLy(S™ 1), and consequently PoA(A) € KLy(f2). Let f € C§°(Rg). Then

fO)PaA() € Co(Rg) ® K L2() C Sa(Rg).

Let 0 < f(A\) < 1 and f(A) = 1 when ReX € [-M,M], where M is sufficiently large. Consider the
operator-valued function

W(A) = PaA(N) — F(MPoA(X) € Sa(Rp).

It is clear that {A| [[T(MW()|| > 1} C {A|Re) > a} and |lo(we)W(:)|| = |®(wo)| > 1, which was to be
proved.

Now, contracting the support of @ to the point wo, one can arrange for the set {w € (LY| [[#(W(-))]| > 1}
to be contained in U(wy, ) for any preassigned neighborhood U(wy, 8) in part 5) of Theorem 4. The case
wg € int Q* is handled similarly. The proof is now complete.

Remark. If 8 =0, the algebra Sq(}) is still irreducible and contains the ideal K Ly(€}). The proof of this
resembles the reasoning that establishes the irreducibility of the algebra C*(A) of Wiener-Hopf operators in
an acute-angled convex cone A C R™ [12, § 1.1]. (The role of the Fourier transform in this case is played by
the unitary operator E()\) in Ly(S™!), the space H2(R™+:A%) being replaced by the space of holomorphic
extensions of functions in E(A)(L2(€)) and the Poisson representation of functions in H1(R™ + iAg) being
replaced by a boundary uniqueness theorem of the type of [6, 3.1.15]. A function from E(A)(L2(2)) that
is nonzero everywhere on $S™~! is constructed as in Theorem 2. The compact operator in the algebra was
given in the proof of Theorem 4.) The proofs of the remaining results of this paper carry over. Thus
Theorems 3 and 4 also hold in the case when the operators of the algebra L act in the space Ly(K).
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